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ABSTRACT. We prove an asymptotic crystallization result in two dimensions for a class of
nonlocal particle systems. To be precise, we consider the best approximation with respect to
the 2-Wasserstein metric of a given absolutely continuous probability measure fdx by a discrete
probability measure ), m;d.,, subject to a constraint on the particle sizes m;. The locations
z; of the particles, their sizes m;, and the number of particles are all unknowns of the problem.
We study a one-parameter family of constraints. This is an example of an optimal location
problem (or an optimal sampling or quantization problem) and it has applications in economics,
signal compression, and numerical integration. We establish the asymptotic minimum value of
the (rescaled) approximation error as the number of particles goes to infinity. In particular,
we show that for the constrained best approximation of the Lebesgue measure by a discrete
measure, the discrete measure whose support is a triangular lattice is asymptotically optimal.
In addition, we prove an analogous result for a problem where the constraint is replaced by a
penalization. These results can also be viewed as the asymptotic optimality of the hexagonal
tiling for an optimal partitioning problem. They generalise the crystallization result of Bourne,
Peletier and Theil (Communications in Mathematical Physics, 2014) from a single particle
system to a class of particle systems, and prove a case of a conjecture by Bouchitté, Jimenez
and Mahadevan (Journal de Mathématiques Pures et Appliquées, 2011). Finally, we prove a
crystallization result which states that optimal configurations with energy close to that of a
triangular lattice are geometrically close to a triangular lattice.

1. INTRODUCTION

Consider the problem of approximating an absolutely continuous probability measure by a
discrete probability measure. To quantify the quality of the approximation, we measure the
approximation error in the 2-Wasserstein metric. Let Q@ C R be the closure of an open and
bounded set, and let

feLYQ), f>c>0, /Qf(:n)d:z:zl, (1)

be the density of the absolutely continuous probability measure. We approximate fdx by a
discrete measure from the set

Ny Ny,
Pa(Q) := ,u:Zmiézi : N, €N, mi>0,2m¢:1, €,z £ zjifi#j
i=1 =1

For p € P4(R2), we define N, := #supp(p), which is not fixed a priori. For p > 1, the p-
Wasserstein distance (see [65, 71]) between fdz and p € Py(R) is
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Wi(f,p) =

3=

inf {/ |l —T(z)Pf(x)de : T:Q — {z,}i\i“l is Borel, / f(z)dx =my Vz} . (2)
Q T ({=})

Observe that
inf{Wy(f, 1) : 4 € Pa(2)} =0

since there exists a sequence of discrete measures y,, converging weakly* to fdz, with N, — oo
as n — 00. On the other hand, for each N € N, inf{W,(f,u) : p € Pa(Q2), N, < N} > 0.
Therefore the problem inf{W,(f,u) : © € Pa(£2)} has no solution. To obtain a minimizer
we must constrain the number of atoms N, either explicitly (with a constraint) or implicitly
(with a penalization). Given an entropy H : Pq(2) — [0, 00] (defined below) we consider the
constrained optimal location problem

inf {W2(f, 1) : o € PalQ), H(u) < L} = EL(L), (3)
where L > 0, and the penalized optimal location problem
inf {WP(f, ) +6H(p) : p € Pa(Q)} =: F5 (), (4)

where § > 0. If H satisfies H(u) — oo as N, — oo, then minimising sequences for problems (3)
and (4) have a uniformly bounded number of atoms. If in addition H is lower semi-continuous
with respect to the weak™ convergence of measures, then problems (3) and (4) admit a solution.

When L or § are fixed, the geometry of the set €2 has a strong effect on optimal particle
arrangements, and it is very difficult to characterise minimising configurations. As L increases,
or ¢ decreases, the optimal number of particles IV, increases, and it is believed that optimal
configurations locally form regular, periodic patterns; see the numerical evidence in Figures 1
and 2. This phenomenon is known as crystallization (see Section 1.3 for more on this). The
specific geometry of these patterns depends on the choice of p in the Wasserstein distance, the
choice of H, and the dimension d. In this paper we will study the crystallization problem by
taking the limits L — oo and § — 0.

For the entropy

H(p) = #supp(p) (5)
Zador’s Theorem for the asymptotic quantization error states that
d+p
. 2 ap,d _d_ d
lim [Ldé'h; (L)} =Cpa </ f(z)a+e dx> (6)
L—oo Q

for some positive constant C, 4 that is independent of the density f. See for example [20, 41,
45, 74] and see [44, 51, 53] for the more general case where ) is a Riemannian manifold. The
constant Cj, 4 is known in two dimensions:

Cpa = / 2P da, )
Ps

where Py is a regular hexagon of unit area centred at the origin. This follows from Fejes T6th’s
Theorem on Sums of Moments (see [37, 43]), which has also been proved in various levels of
generality by several other authors including [13, 36, 59, 61].
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a=01,0=2243 x 1073 a=0.1,6=1.303x10"* a=0.1,6="7567x10"°

a=0.583,5 =1.472x107? a=0.583,5 =1.763x1073 a=0.583,5=2111x10"*

Figure 1. Approzimate local minimizers for the penalized problem (4) for the case p =
d=2,Q=10,172 f=1q, Ho(p) = >, m, for several values of a and §. The value of
« is constant in each row, and the value of § decreases from left to right in each row. The
black dots are the particles z;, where u = vaz’l m;d,, 1S an approrimate local minimizer
of (4). The polygons are the sets T=*({z;}), where T is the optimal transport map in (2).
The particles z; are located at the centroids of the polygons. The masses m; are the areas of
the polygons. The colours correspond to the number of sides: squares are yellow, pentagons
are orange, hexagons are blue, and heptagons are red. For each value of o, a hexagonal
tiling (with defects) starts to emerge as § is decreased. This figure, Figure 2 and Table
1 were made by Steven Roper using the generalized Lloyd algorithm from [19]. To search
for a global minimizer in the highly non-convex energy landscape, the algorithm was ran
many times using different, randomly generated initial conditions. The values of § were
chosen by first choosing a target value of N, and then using the heuristic (16) to generate
the corresponding §. Better results, without defects, can be achieved by taking the initial
particle locations to be a perturbation of a triangular lattice; see Figure 2.
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a=0.583,6=1763x10"3 a=0583,6=2111x10"*

Figure 2. Approzimate global minimizers for the penalized problem (4) for the case p =
d=2,Q=10,1? f = 1q, Ha(p) = >, m&, a = 0.583 for the values of § used in Figure
2 (middle row, middle and right columns). See the caption to Figure 1 for a description of
the polygons and the colour scheme. These configurations have lower energy (W3 (f, ) +
0H, (1)) than the corresponding configurations shown in Figure 1, and they do not have
defects. This figure was generated by Steven Roper using the generalized Lloyd algorithm
from [19] and by taking the initial conditions to be perturbations of a triangular lattice. In
Figure 1 (middle row, right column) there are N, = 200 particles whereas in this figure
(right) there are N,, = 202 particles; algorithm [19] attempts to find the optimum number
of particles.

The geometric interpretation of (6) and (7) is the following: In two dimensions it is asymptot-
ically optimal to arrange the atoms of the discrete measure at the centres of regular hexagons,
i.e., on a regular triangular lattice, where the areas of the hexagons depend on the density f.
Locally, where f is approximately constant, these hexagons form a regular honeycomb. By the
regular triangular lattice we mean the set Z(1,0) @ Z(1/2,+/3/2) up to dilation and isometry.
See Remark 1.3 below for more on this geometric interpretation.

Formula (6) was extended to more general entropies by Bouchitté, Jimenez and Mahadevan
n [14]. Their class of entropies includes the case

Ha(p) = Zmﬁv (8)

where o € (—o0,1). This reduces to the entropy (5) when o = 0. Bouchitté, Jimenez and
Mahadevan [14, Proposition 3.11(i)] proved that

. —2 . nd d(1—a)+ap Haats
lim |Ld0-a) EZZQ(L)] =Cpala) /f(x) di-a)+tp dg
Q

L—o0
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for some positive constant Cj, 4(«). Moreover, they conjectured [14, Section 3.6 (ii)] that
Cp.d() is independent of a.

If this conjecture is true, then by (7)

Cpa(a) = Cp2(0) = / |x|P dz.

Ps
In particular, the conjecture for the case p =2, d =2 is

2 5 :
Coa(a) = . |z|*dz = TV 6
for all @ € (—o0,1). It is known that Cy2(a) = ¢ for all a € (—o00,0] (see [14, Section 3.6])
and so it remains to establish the conjecture for the case o € (0,1). The conjecture would
mean that in two dimensions a discrete measure supported on a regular triangular lattice gives
asymptotically the best constrained approximation of the Lebesgue measure (again, see Remark
1.3 below for this geometric interpretation).

(10)

1.1. Main results. In this paper we prove conjecture (10) for all &« € (—o0, @], where @ = 0.583;
see Theorem 1.2. The conjecture for « € (@, 1) remains open, although we suggest a direction
for proving it in Theorem 6.1, where we prove it under an additional assumption. In Theorem
1.1 we prove an analogous asymptotic quantization formula for the penalized optimal location
problem (4) for all @ € (—oo,a]. This generalises the crystallization result of [18], where
Theorem 1.1 was proved for the special case a = 0.5, f = 1. Moreover, for the case f = 1, we
prove that minimal configurations are ‘asymptotically approximately’ a triangular lattice; see
Theorem 1.4. To be more precise, we prove that, as § — 0, rescaled minimal configurations for
the penalized quantization problem are quantitatively close to a triangular lattice. This result
will be proved for the case @ = @. The proof can be easily modified for any o < @.
Define the constrained optimal quantization error by

NN
me(a, L) = E2 (L) = inf W5 (f, 1) : p € Pa(Q), Y _m < Lo, (11)
i=1
and the penalized optimal quantization error by
Ny
mp (e, 0) i= Fpi(8) = inf ¢ W (f,p) +3) me: e Pa(Q) p. (12)
=1

Since the Wasserstein distance on the compact set €2 metrizes the tight convergence of probabil-
ity measures, and the map p — . m§ is lower semi-continuous with respect to this convergence
[65, Lemma 7.11], both infima above are attained. Our main results are the following.

Theorem 1.1 (Asymptotic crystallization for the penalized optimal location problem). Let
a € (—oo,al, where @ := 0.583. Let Q C R? be the closure of an open and bounded set. Assume
that f : Q — [0,00) is lower semi-continuous with f > ¢ >0 and [, fdx =1. Then

lim [(Jfa)) o mp(a, 6)] = f — ¢ /Q f(a)T= da. (13)
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1
(5(169(1)) T (WE (L) +0Ha (1))

@ 0 c(2—a)/(I-a)
0.1 0.0022433361900 1.025664680453751
0.1 0.0001302910000 1.012634927464421
0.1 7.5672376050508 x 106 1.006166789745220
0.583 0.0147231527000 1.015173622346968
0.583 0.0017628730000 1.007372522192174
0.583 2.1107719443098 x 10~ 1.003575800389361
0.9 0.1273904500000 1.004506412114665
0.9 0.0245228180000 1.002133746895388
0.9 0.004720672550584 1.001028468127525

Table 1. Illlustration of Theorem 1.1 for the case Q = [0,1]?, f = 1q. In the last column

Cé

i
we give the ratio of a numerical approximation of (m) 2=amy(,0) (which appears on

the left-hand side of (13)) to 2= cg (which appears on the right-hand side of (13); note that
fQ f(a:)2+ dz = 1 here). For three representative values of o, we see thatl the ratio tends

to 1 as § tends to 0, which supports Theorems 1.1 and 6.1. The numerical approzimation
of the minimum energy and the choice of § is described in Figures 1 and 2.

Taking the special case f =1, |Q] = 1, a = 0.5 in Theorem 1.1 gives [18, Theorem 2]. We
illustrate Theorem 1.1 in Table 1 and Figures 1 and 2.

Theorem 1.2 (Asymptotic crystallization for the constrained optimal location problem). Let
a € (—oo,al, where @ := 0.583. Let Q2 C R? be the closure of an open and bounded set. Assume
that f: Q — [0,00) is lower semi-continuous with f > ¢ > 0 and fQ fdx=1. Then

2—a

lim |LTa mc(a,L)} =g </ f(a:)ﬁ dx) o . (14)
L—oo Q

By comparing equation (9) to equation (14) with p = d = 2, we read off that Cy2(a) = ¢
for all @ € (—oo, @], which proves conjecture (10) for this range of a. We believe that Theorem
1.1 and Theorem 1.2 hold for all & € (—o0, 1), not just for o € (—oo, @], but we are only able
to prove them for the whole range of « if we make an ansatz about minimal configurations; see
Theorem 6.1.

Remark 1.3 (Energy scaling and the geometric interpretation of Theorems 1.1 & 1.2). To
motivate the rescaling on the left-hand side of (13) we reason as follows. Let

N
Q:Um
=1

be the union of N disjoint regular hexagons of equal area |2|/N. Let z; be the centroid of H; and
let f= ﬁ]lg be the uniform probability distribution on 2. Here 1 denotes the characteristic
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function of the set Q. By definition of ¢g (equation (10)) and a change of variables,

Q 2
/Hz- |z — zi|* do = c6|Hil* = c6 <’N|>

for all ¢. Therefore the penalized quantization error of approximating fdx by u = Zf\; %521. is

N e}
1 1 Q _a
W5 (f, 1) + 6Ha(p) =) /H!x—zi\z‘mdx—i—é]\/(N) :c6|N‘+5N1 . (15)
=1 i

The right-hand side of (15) is minimized when

Substituting this value of N into (15) (assuming for a moment that it is an integer) gives

C6 s 2 -« a 1
() v+ ot1o) = “a [ @7

which motivates the rescaling used in (13). This heuristic computation suggests an upper bound
for the left-hand side of (13), for the case where f is the uniform distribution. Theorem 1.1
says that this upper bound is in fact asymptotically optimal. In this sense we can say that the
honeycomb structure gives asymptotically the best approximation of the uniform distribution.

The rescaling used in (14) can be derived in a similar way. Indeed, fix L > 0 and consider
the constraint

l—« 2—
Q27a:
—, |9 T

Ny
Ha(u) =Y mf < L.
=1

If all the masses are the same, m; = 1/N,, for all ¢, then the biggest number N, for which this
constraint is satisfied is

N,=L7=.

Assuming that N, is an integer, take as above

Ny 1 Ny 1
Q=|]H =1 =Y ..
H 79 f |Q’ Q) :LL lleu 23

Then

2—«
11—«

LR Wi = ol = ([ swas)

which motivates the rescaling used in (14). Combining this formal calculation with Theorem
1.2 again suggests the asymptotic optimality of the honeycomb.

Theorem 1.1 gives the asymptotic minimum value of the penalized quantization error but
says nothing about the configuration of the particles; it says that the triangular lattice is
asymptotically optimal, but it does not say that asymptotically optimal configurations are close
to a triangular lattice. We prove this in the following theorem.
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Theorem 1.4 (Asymptotically optimal configurations are close to a regular triangular lattice).
Let Q C R? be a conver polygon with at most siz sides, |2 =1, f = 1, and o = @. There exist
constants g, ¢, B1, B2 > 0 with the following property. Let § > 0 and us = vaz‘sl m;idz, € Pa(Q)
be a solution of the penalized quantization problem defining my(cv,0). Define the defect of ps by

1
cg 2—«

ds) = (52 ) meland) - T2

Note that limg_,o d(us) = 0 by Theorem 1.1. Define

1

o )™

Define rescaled particle positions z; = V;f?i, i€ {l,...,Ns}. Let {V;}ZN:‘sl be the Voronoi
Ns
=1

tessellation of Q generated by {z;} i.e.,

Vi={2 € V220 |2 — 2| < |2 — 2| Vj € {1,..., Ns}}.
(a) The optimal number of particles Nj is asymptotically equal to Vs :
(b) If 6 > 0 is sufficiently small, and if € € (0,£9) and us satisfy
Brd(us) + BaVy,* <, (17)
then, with the possible exception of at most Nscel/3 indices i € {1,...,Ns}, the following

hold:
(i) Vi is a hexagon;

(ii) the distance between z; and each vertex of V; is between (1 £ 51/3)“%« / %;
(i) the distance between z; and each edge of Vi is between (1 +&'/3)y/ V]‘\Sf—f\ / %

Even though Theorem 1.4 is stated only for the case o = @, the same proof holds for any
a < @, up to proving the convexity inequality (25) for that specific value of a (by using the
same strategy we used for the case @ = @). A similar result can be proved for the constrained
quantization problem.

Remark 1.5 (Geometric interpretation of Theorem 1.4). Note that the term 521/5‘;/ % in (17)
converges to 0 as § — 0. Theorem 1.4 essentially states that if the defect d(us) is small, then
the support of us is close to a regular triangular lattice, and it quantifies how close. Note

that the Voronoi tessellation generated by the regular triangular lattice is a regular hexagonal

tessellation. The theorem states that the Voronoi tessellation of V;f(l generated by the rescaled

particles z; is close to a regular hexagonal tessellation in the sense that, except for at most

Nscel/3 Voronoi cells, the Voronoi cells are hexagons, and it quantifies how far the hexagons are
[

from being regular. For a regular hexagon of area VT’;, the distance between the centre of the

hexagon and each vertex is ”%1 / %, and the distance between the centre of the hexagon
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and each edge is 4/ V]‘\s,—; % Since lims_,o Vs.o/Ns — 1, ‘most’ of the rescaled Voronoi cells V;
are ‘close’ to a regular hexagon of area 1.

Remark 1.6 (Locality and weaker assumptions on f). Theorems 1.1, 1.2 say that the quanti-
zation problems are essentially independent of f, in the sense that the optimal constants %06
and cg are independent of f and are determined by the corresponding quantization problems
with f = 1; see Remarks 3.5 and 3.11. The locality of the quantization problems is independent
of the crystallization and is easier to prove. The locality for the constrained problem was proved
by [14] and the locality for the penalised problem follows easily from this, as we shall see in
Section 3.2. Locality results for the classical quantization problem were proved among others
by [20, 45, 53, 74]. We believe that the assumption of lower semi-continuity on f in Theorems
1.1, 1.2 could be relaxed by using the approach in [60], where a locality result is proved for the
related irrigation problem, which concerns the best approximation of an absolutely continuous
probability measure by a one-dimensional Hausdorff measure supported on a curve.

Remark 1.7 (o > 1). For a > 1, the constrained and penalized quantization problems m.(1, L)
and myp(1,0) do not have a minimizer. The infimum is zero since both the Wasserstein distance
and the entropy can be sent to zero by sending the number of particles to infinity. In [14] the
authors considered the constraint

Nu

1
2 mi=7
=1

for > 1. For f € L>®(Q), o € (1,2) U (2,00) they proved that there exists a constant Cs 2(cv)
such that

2—a

1 Nu 1 1 T—a
lim La=1inf { WE(f, p) : pu € Pa(Q), me > (= Cs2() </ f(z)z== dm> .
i=1 Q

L—oo

See [14, Proposition 3.11(iii), Remark 3.13(iii)]. For ao > 2, Cy2(a) = 0. For a € (1,2), C2(cx)
is not known, but it satisfies the bounds

/ |22 dz < Cya(a) < cg
B

where B is the ball of unit area centred at the origin [14, Lemma 3.10].

Remark 1.8 (Motivation for the choice of entropy H,). The are several reasons why we chose
to study the entropy Hn(p) =), m$, both mathematical and from a modelling point of view.

(i) The functional pu — W2(f, n)+8 ., h(m;) is lower semi-continuous if h(0) = 0, h(t) > 0,
h is lower semi-continuous, subadditive and lim;_,o4 h(t)/t = +o00; see [65, Lemma 7.11].
This includes our entropy h(m) = m®. There is evidence, however, that crystallization
does not hold for all entropies in this class, or at least that optimal configurations consist
of particles of different sizes; see [14, Section 3.4]. In this paper we have found a subclass
for which crystallization holds. It is an open problem to find the largest class of such
entropies.
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(ii) Functionals of the form p — W3 (f, 1)+ >, h(m;) arise in models of economic planning;
see [24]. For example, consider the problem of the optimal location of warehouses in
a county €2 with population density f. The measure p = >, m;d,, represents the
locations z; and sizes m; of the warehouses. The Wasserstein term in the functional above
penalizes the average distance between the population and the warehouses, and the
entropy term penalizes the building or running costs of the warehouses. The subadditive
nature of the entropy H, corresponds to an economy of scale, where it is cheaper to
build one warehouses of size m than two of size m/2.

(iii) The special case a = 0.5 arises in a simplified model of a two-phase fluid, namely a
diblock copolymer melt, in two dimensions; see [17]. Here the entropy \/m corresponds
to the interfacial length between a droplet of one phase of area m and the surrounding,
dominant phase.

(iv) Finally, from a mathematical perspective, we were inspired to study the entropy H, by
the conjecture of Bouchitté et al. [14, Section 3.6 (ii)].

1.2. Sketch of the proofs of Theorems 1.1 & 1.2. We briefly present the main ideas of
the paper. We will see that Theorem 1.2 is an easy consequence of Theorem 1.1 (see Section
5), and so here we just focus on the ideas behind the proof of Theorem 1.1. The strategy for
proving Theorem 1.4 is discussed in Section 7.

First we identify the scaling of the penalized quantization error my(a, d) as § — 0 using the
I-convergence result of [14]. This gives

lim [((S(lia)) " ig(0s8)| = Cofa) IREEE (15)

where
w N\ [
— 1; 6 B o' 2 .
Cp(a) = lim (5(1_a)> Imin 5;% + W5 (1, 1) = € Pa(Q) (19)

and Q = [—1/2,1/2]?; see Corollary 3.10 and Remark 3.11. The main challenge in this paper
is to show that the optimal constant is Cp,(a) = ¢6(2 — ) /(1 — ) for all o € (—o0,@]. Thanks
to equations (18) and (19), to prove Theorem 1.1 it is sufficient to prove it for the case where
Q=@ and f = 1q.

Next we prove a monotonicity result (Lemma 3.12), which is analogous to a monotonicity
result proved by [14] for the constrained quantization problem, which asserts that if Theorem
1.1 holds for some & € (—o0, 1), then it holds for all @ € (—o0,a]. Therefore we only need to
prove Theorem 1.1 for the single value a = @ = 0.583. Therefore for the rest of the paper we
can take Q2 = Q, f = lq, a = @ without loss of generality.

From the definition of the Wasserstein distance, equation (2), if y = EzNz“l m;0,;, then

Ny
W2(lg.p) = / |
; T-1({z})

where T is the optimal transport map. Since @) is a polygonal set, it is well known (see Lemma
2.1) that the sets T-1({z;}) are convex polygons, called Laguerre cells.

x — z|*da, (20)
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A classical result by Fejes T6th (see Lemma 2.3) states that the second moment of a polygon
about any point in the plane is greater than or equal to the second moment of a regular polygon
(with the same area and same number of edges) about its centre of mass:

/ |z — 2> dz > / |z|? dz = m? ly|* dy =: m?¢c, (21)
P(m,n) R(m,n) R(1,n)

where P(m,n) is a polygon with area m and n edges, R(m,n) is a regular polygon centred at
the origin with area m and n edges, and z € R?. Combining (20) and (21) gives

2(1q,p) > Zm Cn,s (22)

for all u € Py(Q), where n; denotes the number of edges of the polygon T-1({z}) and m;
denotes its area. Our proofs are limited to the p-Wasserstein metric with p = 2 since, for p # 2,
the transport regions 71 ({z;}) are not convex polygons. Moreover, our proofs are limited to
two dimensions since there is no equivalent statement of Fejes Téth’s Moment Lemma in higher
dimensions (due to the lack of regular polytopes in higher dimensions).

Next we recall the proof of Theorem 1.2 due to Gruber [43] for the case o = 0, which we will
adapt to prove Theorem 1.1 (and consequently Theorem 1.2) for general a € (—o0,@]. It can
be shown that the function

(m,n) — g(m,n) :=m?c,

is convex. (Note that n — ¢, can be extended from a function on NN [3,00) to a function on
[3,00); see Lemma 2.3.) If y is a minimizer of W} (1g, -) subject to the constraint N, < L, then
clearly N, = L (assuming that L is an integer) since we get the best constrained approximation
of 1 by taking as many Dirac masses as possible. By convexity,

Ce 266

e = glm ) 2 9 (£,6) + V9 (1,6)- (m— .1 —6) = 5452 (= ) + 500 -6) (23)

where £ := ¢,,(1,6) = Opcpnln=s < 0. Combining equations (22) and (23) gives

L
Wi(la, ) Z( (mi= )+ ol =0) = F4 5> -0 @0
=1

since ) .m; = || = 1. Euler’s formula for planar graphs implies that the average number
of edges in any partition of the unit square {2 by convex polygons is less than or equal to 6:
137, n; < 6; see Lemma 2.6. Therefore, by equation (24) and since k < 0,

Lm.(0,L) > c.

This is the lower bound in Theorem 1.2 for the case o = 0. A matching upper bound can be
obtained in the limit L — oo by taking pu = ZiL:I %(521. where z; lie on a regular triangular
lattice.

In [17] Gruber’s strategy was generalized to prove Theorem 1.1 for the case « = 0.5 and f = 1.
Thanks to the results of [14] and our results in Section 3.2, it follow that Theorem 1.1 holds for

all a € (—00,0.5] and all lower semi-continuous f satisfying (1). In this paper we extend these
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ideas further to prove Theorem 1.1 for the case a = 0.583, and hence all « € (—o0,0.583]. First
of all, we rescale the square ) as follows (see Remark 1.3):

1

v; V; G\
Q&,a = 5@@; b, — m .
The rescaling factor is chosen in such a way that a discrete measure supported at the centres
of regular hexagons of unit area is asymptotically optimal. Up to a multiplicative factor, the
rescaled energy is

Ny
C6

Foalw) === mi + Wi(lg,,. ),
=1

where 1¢, , denotes the characteristic function of the square Q.. Here p is a Borel measure
on Qs of the form p = Zi\;“l m;0,, with Zf\i‘l m; = Vso. By (22) we have

N, N,
Ce
Faalt) 2 3 |72 men| =3 ol
i1 i—1

where
C6
Jgo(m,n) = T amo‘ + m2cp.

Unfortunately, for a € (0,1), go is not convex. Our first main technical result is to show that for
a = « there exists mg > 0 such that the following ‘convexity inequality’ holds for all m > mg,
n e NN[3,00):

ga(m,n) > ga(1,6) + Vgg(m,n) - (m —1,n — 6). (25)

See Lemma 4.11, Corollary 4.12 and Corollary 4.16. Our second main technical result (Lemma
4.15) is to show that if u = vaz“l m;6, minimizes Fs o, then

m; > 2.0620 x 1074 > my. (26)

Therefore minimizers satisfy the convexity inequality (25), and the proof of Theorem 1.1 now
follows using Gruber’s strategy.

To be precise, we are only able to prove the inequality (26) for particles z; that are not too
close to the boundary (Lemma 4.15(i)). Nevertheless, we are able to prove a worse lower bound
on the mass m; of particles near the boundary (Lemma 4.15(ii)), which is still sufficient to show
that the number of particles near the boundary is asymptotically negligible. This fixes what
appears to be a gap in the proof in [18], where it was tacitly assumed that all of the particles
were sufficiently far from the boundary of the rescaled domain (at least distance 3.2143; see the
proof of [18, Lemma 7]).

The idea of the proof of (26) is to compare the energy of a minimizer p with that of a
competitor i that is obtained by gluing the smallest particle of y with one of its neighbours.
The proofs of (25) and (26) require some delicate positivity estimates. As in the proof of [18],
we also use computer evaluation at several points in the proof to check the sign of some explicit
numerical constants (that are much larger than machine precision).
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1.3. Literature on crystallization, optimal partitions and quantization. Our work be-
longs to the very active research programme of establishing crystallization results for nonlocal
interacting particle systems. This problem is known as the crystallization conjecture [12]. De-
spite experimental evidence that many particle systems, such as atoms in metals, have periodic
ground states, until recently there were few rigorous mathematical results. Results in one dimen-
sion include [11, 39] and results in two dimensions include [3, 7, 8, 9, 10, 18, 30, 35, 50, 63, 64, 69].
Let us recall that a central open problem in mathematical physics is to establish the optimality
of the Abrikosov (triangular) lattice for the Ginzburg-Landau energy [68]. In three dimensions
there are few rigorous results. Even establishing the optimal configuration of just five charges
on a sphere was only achieved in 2013 via a computer-assisted proof [66]. The Kepler conjec-
ture about optimal sphere packing was also computer-assisted [48, 49], while the optimal sphere
covering remains to this day unknown. In even higher dimensions (in particular 8 and 24),
there start to be more rigorous results again, e.g., [26, 27, 70]. For a thorough survey of recent
crystallization results for nonlocal particle systems see [12] and [67].

Our result also falls into the field of optimal partitions (see Remark 4.10). The optimality
of hexagonal tilings, or Honeycomb conjectures, have been proved for example by [21, 22, 23,
47]. Kelvin’s problem of finding the optimal foam in 3D (the ‘three-dimensional Honeycomb
conjecture’) remains to this day unsolved; for over 100 years it was believed that truncated
octahedra gave the optimal tessellation, until the remarkable discovery of a better tessellation
by Weire and Phelan [72].

Finally, our result also belongs to the field of optimal quantization or optimal sampling [41, 45],
[46, Section 33|, which concerns the best approximation of a probability measure by a discrete
probability measure. The most commonly used notion of best approximation is the Wasserstein
distance. This problem has been studied by a wide range of communities including applied
analysis [14, 24, 52], computational geometry [31], discrete geometry [28, 45], and probability
[41]. Applications include optimal location of resources [13], signal and image compression
[32, 42], numerical integration [62, Section 2.3], mesh generation [33, 57], finance [62], materials
science [16, Section 3.2], and particle methods for PDEs (sampling the initial distribution) [15,
Example 7.1].

It is well known that if p = Zf\il m;z; is a minimizer of Wa(fdx,-), then the particles z;
generate a centroidal Voronoi tessellation (CVT) [31, 55], which means the particles z; lie at
the centroids of their Voronoi cells. Numerical methods for computing CVTs include Lloyd’s
algorithm [31] and quasi-Newton methods [55]. More generally, minimizers of the penalized
energy p+— 90y . ms+ W2(fdx, u) generate centroidal Laguerre tessellations (see Remark 4.6).
Numerical methods for solving the constrained and penalized quantization problems include
[19] (which was used to produce Figures 1 and 2) and [73].

There is a large literature on optimal CVTs of N points (global minima of yu +— Wa(lq, 1)
subject to #supp(u) = N). According to Gersho’s conjecture (see [40]), minimizers correspond
to regular tessellations consisting of the repetition of a single polytope whose shape depends only
on the spatial dimension. In two dimensions the polytope is a hexagon [13, 36, 37, 43, 59, 61]
and moreover the result holds for any p-Wasserstein metric, p € [1,00). Gersho’s conjecture
is open in three dimensions, although it is believed that the optimal CVT is a tessellation
by truncated octahedra, which is generated by the body-centred cubic (BCC) lattice. Some
numerical evidence for this is given in [34], and in [6] it was proved that the BCC lattice is
optimal among lattices (but we do not know whether the optimal configuration is in fact a
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lattice). Geometric properties of optimal CVTs in 3D were recently proved in [25], who also
suggested a strategy for a computed-assisted proof of Gersho’s conjecture.

1.4. Organization of the paper. In Section 2 we recall some basic notions from optimal
transport theory and convex geometry. In Section 3.1 we recall from [14] the result (9) for the
case d = p = 2, namely the scaling of the minimum value of the energy for the constrained
problem (11). In Section 3.2 we derive the scaling of the minimum value of the energy for the
penalized problem (12). These results give the optimal scaling of the minimum values of the
constrained and penalized energies, but they do not give the optimal constants. In Section 4
we identify the optimal constant for the penalized problem (which proves Theorem 1.1) and in
Section 5 we identify the optimal constant for the constrained problem (which proves Theorem
1.2). In Section 6 we prove the asymptotic crystallization result for all & € (—oo,1) under an
additional assumption. Finally, Section 7 is devoted to the proof of Theorem 1.4.

2. PRELIMINARIES

2.1. Main assumptions. We assume that Q C R? is the closure of an open and bounded set,
and f € L'(Q) is a lower semi-continuous function satisfying f > ¢ > 0 and

/Qf(x) do = 1.

2.2. Notation. Define RT := (0,00). For a Lebesgue-measurable set A C R?, we denote by
|A| its area and by 14 its characteristic function. We let M(X) denote the set of non-negative
finite Borel measures on X C R? and P(X) C M(X) denote the set of probability measures on
X. Moreover, we let Mq(X) C M(X) be the following set of discrete measures:

N
Md(X) = {ZmiéziiNGN, m; >0, 2 EX, ZZ'#ZJ‘ lfz#j}
=1

Recall that Pg(X) denotes the set of discrete probability measures, Pgq(X) = My(X) NP(X),
and that, for p € Pq(?), N, := #supp(p). For brevity, in an abuse of notation, we denote the
preimage of a singleton set {z} C X under a map T : X — X by T71(2) instead of T-1({z}).

2.3. Facts from optimal transport theory and convex geometry. We start by recalling
the characterization of solutions of the semi-discrete transport problem (2) for the case p = 2.
The following result goes back to [4] and is now well-known in the optimal transport community;
see for example [54, 56, 58].

Lemma 2.1 (Characterization of the optimal transport map). Let U C R? be a convex polygon,
= vaz“l midz, € Pa(U), g € LY(U;RY), [;gdx =1, and Wa(g, 1) be the Wasserstein metric

[

2
Wa(g, p) = inf {/ |z — T(x)]?g(x)de : T:U — {zz}f\]:“1 is Borel, / g(z)dz = m7;V2} :
U Tﬁl(zi)

Then the infimum is attained and the minimizer T : U — {zz}i\f:“1 is unique (up to a set
of measure zero). Moreover, by possibly modifying T on a set of measure zero, there exists
(wi,...,wy,) € RN such that

T-Hz)={2€U:|z—z*—w; < |z — 2| —wj; forall j=1,...,N,}.
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Remark 2.2 (Laguerre cells). The previous lemma implies that the partition {T1(z;) ﬁ\i‘l is

the Laguerre tessellation or power diagram generated by the weighted points {(z;, wi)}i\i“l; see

[5, 58]. The sets T—1(2;) are convex polygons, known as Laguerre cells or power cells.

We now recall a classical result by L. Fejes Téth (see [37, p. 198]), which says that the minimal
second moment of an n-gon is greater than or equal to the minimal second moment of a regular
n-gon of the same area:

Lemma 2.3 (Fejes Té6th’s Moment Lemma). Forn € N, n > 3, define
¢p, := inf {min/ |z — &%da : P is an n-gon, |P| = 1}.
§eR? Jp
Then the infimum s attained by a reqular n-gon. Consequently a direct calculation gives
1 /1 m i
Cn =5~ <3 tan - + cot n) . (27)
Remark 2.4. Note that a change of variables gives
inf {min/ |z — €)?dx : P is an n-gon, |P| = m} = c,m?
§eR? Jp

for all m > 0.

We extend the definition of ¢, to all n € [3,00) using equation (27). Its main properties are
stated in the next result, whose proof is a direct computation (see [43]).

Lemma 2.5 (Properties of ¢,,). The function n — cp, n € [3,00), is convex and decreasing.

Moreover 1
lim ¢, = ¢ := —.
n—00 27T

Finally, we recall one more result from convex geometry, which follows from Euler’s polytope
formula. It is proved for example in [18, Lemma 4] or [59, Lemma 3.3].

Lemma 2.6 (Partitions by convex polygons). Let U C R? be a convex polygon with at most 6
sides. In any partition of U by convex polygons, the average number of edges per polygon is less
than or equal to 6.

3. SCALING OF THE ASYMPTOTIC QUANTIZATION ERROR

3.1. The constrained optimal location problem. We report here a result about the as-
ymptotic quantization error from [14].

Definition 3.1 (Young measures). Given € > 0 and a measure p € Pq(2) of the form

NH«
p= E m;oz,,
=1

define the measures p(p) € Pq(RT) and A\ (n) € Mq(Q x RT) by

7
762

N, N,
p(i) = mibm,,  Ac(p) = Zmzﬁ(z )
=1 =1

Observe that the first marginal of \.(x) is u and that the second marginal of A\;(u) is p(u).
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In order to define the cell formula for the asymptotic quantization error, we need to introduce
the following metric on the space of probability measures. Given p1, p2 € P(R™), we define

dpL(p1, p2) :=sup {/}R+ @d(p1 — p2) : ¢ € Lip(RY), |¢|oo + Lip(p) < 1} ;

where Lip(RT) is the space of Lipschitz continuous functions on R* and Lip(y) denotes the

Lipschitz constant of . It is well known that dpy, metrizes tight convergence (see [29, Theorem
11.3.3)).
The energy density of the asymptotic quantization error is introduced as follows.

Definition 3.2 (Cell formula). Given ¢t > 0 and p € P(R"), define
St (P7 Qk)

= inf
Gilp) ér>10 k2

where Qy, := [~k/2,k/2]?> C R? and

k2
5109, Qu) = int {130y ) + S5 don (9. p(1) 5 1 € Pal @) |

Define G : P(RT) — R by

G(p) == Sup Gie(p) = lim Gi(p)-

Given A € M(Q x RY"), let m#A\ denote its first marginal, where 1 : Q x RT —  is the
projection 71(x,t) = x. One of the main results of Bouchitté, Jimenez and Mahadevan [14,
Theorem 3.1] is the following:

Theorem 3.3 (Gamma-limit of the quantization error). For e > 0, let

& ()\) .: 5%W22(f’ ,U,) if A= )‘E(N)a W e Pd(Q)a (28)
: ‘ +00 otherwise.

Then & 5 Eo with respect to tight convergence on M(Q x R*) where

G\*)dx if A= fdx @ \*,
Eo(A) == /Q )
400 otherwise,
where fdx @ A* denotes the disintegration of A\ with respect to fdx; see [2, Theorem 2.28].

Bouchitté, Jimenez and Mahadevan used Theorem 3.3 to prove the following result about
the scaling of the asymptotic quantization error for the constrained optimal location problem;
see [14, Lemma 3.10, Proposition 3.11(i)].

Corollary 3.4 (Asymptotic quantization error for the constrained problem). For all a@ €
(*OO’ 1)’

s 7 2] =t )
. Cole) = min {G(p) P € P(RY), /Ooo L dp(t) < 1} - (29)

Moreover, the function a — Cc(«) is non-increasing.
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Note that the result proved in [14] holds more generally: in any dimension, for any p-
Wasserstein metric, and for more general entropies.

Remark 3.5. Let @ C R? be a unit square. Taking Q = @ and f = 1¢ in Corollary 3.4 yields

Ny
Col(a) :L@;OLﬁ inf { Wi(Lg,p) :pePa(Q), S mf <Ly. (30)
i=1

Remark 3.6 (Optimal constant). The constant C.(«) in Corollary 3.4 was known explicitly
for the case a € (—o0, 0], where C(a) = C¢(0) = G(d1) = ¢ for all & < 0. We briefly recall the
proof: By Fejes Téth’s Theorem on Sums of Moments [43],
(29)
cg = CC(O) < G((51) < cg

where the final inequality follows from [14, Prop. 3.2(iv)]. Therefore C.(0) = ¢¢. In addition,
Ce(a) > C.(0) = ¢ for all @ < 0 by the monotonicity of the map a — C.(«) (see Corollary
3.4). On the other hand, C.(a) < ¢g by [14, Prop. 3.2(iv)]. We conclude that C.(«) = c¢ for all
a < 0, as required. One of our contributions is to prove that C.(a) = ¢ for all a € (—00,0.583];
see Section 5.

3.2. The penalized optimal location problem. Here we prove analogous results to those
presented in the previous section.

Definition 3.7 (penalized energy). Let ¢ > 0 and o € (—o0, 1). Define &4 : Pa(2) — [0, 00)
by
Ny
Esa(pt) =0 mi + W3 (f,p)
i=1

N,
where pp =) ;" m;0,.

Proposition 3.8 (Gamma-limit of the penalized energy). Let 6 > 0, o € (—o0, 1) and

1
01 —a)) -
Efa = <<CG)) .

Define the rescaled penalized energy 55704 : M(Q x RT) — [0, 00] by
) .
&) — {5 Esal) A= Aes(0), 1€ Pa(®),

+00 otherwise.

Then gg,a 5 G as 6 — 0 with respect to tight convergence on M(Q x RT) where

x C6 ooozfl x . _ T
/Q[G(A)+f(:c)1_a/0 21 dx (t)] de if A= fdz @\,

+00 otherwise.

Ga(A) :=

To prove Proposition 3.8 we need the following technical result from [14, Lemma 6.3], which
says that we can modify p to remove asymptotically small Dirac masses (as 6 — 0) without

increasing the energy &s (1) too much.
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Lemma 3.9. Let A = fdzr ® A\* € M(Q x RT) satisfy Eg(N\) < oo. Then, for every v > 1,
there exists a decreasing sequence (tx)gen C (0,00), t — 0, and a doubly-indexed sequence
(A eso.ken © M(Q x RT) satisfying the following:
(1) \E is supported in Q x [ty, 00);
(ii) limsupg_, o, imsup,_,q ||\¥ — A|| = 0, where || - || denotes the total variation norm on the
space of signed measures on € x R ;

(iii) for all & € (—o0,1), k € N,

limsup/ 7 AN (2,1) < / t* A\ (z, t);
e—0 Q% (0,00) Qx(0,00)

(iv) there exists uf € Pq(Q) such that \¥ = \.(u¥) and

lim sup lim sup e 2 W2 (f, uF) <'y/G)\z

k—o0 e—0

Proof of Proposition 3.8. For i € Pg(2), A = Aes (1), we can write

Esa(N) = — Zm + - Wg(f, D)

1—a

C6

1
= 1 d\ z,t) + —WE(f, ).
1—a/m(0w> )0+ 5 WHon)

Since the function ¢ — t*~! is unbounded, and thus the first term of g(;’a()\) is not continuous
in A, the [I'-convergence result does not follow directly from Theorem 3.3 and the stability of
I’-limits under continuous perturbations. We therefore reason as follows.

Step 1: liminf inequality. Fix (6,)neny with §, — 0 as n — oo. Let A € M(Q x R*) and
(An)neny C M(Q x RT) satisfy A, — X tightly. Without loss of generality we can assume that

lim inf &, o(Ay) < 0. (31)
n—oo

Therefore there exists (in)neny C Ma(§2) such that A, = Ay (p1n). Observe that mi#\, = p.
By (31), and since W5 metrizes weak convergence of measures [65, Theorem 5.9], then p, — fdx
as n — oo. Therefore mi#\ = limy, oo m#A, = fdz. By the Disintegration Theorem |[2,
Theorem 2.28] there exists \* € M(R™") satisfying A = fdz @ \™.

For M > 0 define the continuous bounded function gps : (0,00) — R by

g (t) == min{t*~1 M}
Then, by using the liminf inequality of Theorem 3.3, we get

TWZQ(fa Un))

85n,a

> 1c_6a/Q (/OOOgM(t) dv(t)) f(a:)dx—k/QG(X”)dx.

Since the function gjs is non-negative and pointwise non-decreasing in M, we obtain the liminf
inequality by passing to the limit M — oo using the Monotone Convergence Theorem.

Step 2: limsup inequality. Let A = fdz @ A\* € M(Q x R*) satisfy Go(\) < oo, which
implies that £y(A) < oo. Let v > 1. By Lemma 3.9(iii),(iv), there exists a decreasing sequence

liminf &5, a(Ap) > liminf < / gr(t) dAe; . (pn)(z,t) +
I —a Jax0,00) "

n—o0 n—oo
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(tx)ken C (0,00), a sequence d,, — 0, and a doubly-indexed sequence ()\féma)n,keN C M(QxRT)
such that
C6

lim sup lim sup gén,a <)‘§5 a) <

k—oo n—oo T 11—«

/ t* LA\ (z, t) + ’y/ G(A\*)dz < 7Ga(N).
Qx(0,00) Q

By a diagonalization argument and Lemma 3.9(ii), we can find a subsequence d,, (not relabelled)
such that A’;; ., — A tightly as n — oo and

limsup &, (A2 ) <99a(N).

n—oo

Since v > 1 is arbitrary, the limsup inequality follows. O
Corollary 3.10 (Asymptotic quantization error for the penalized problem). For all a €
(~00.1), 1

lim [<06> T p(a,6)| = Cy(a) / flz)7e do (32)

5—0 [\ 0(1 —a) Q
where -

Cp(e) := min {G(p) + 1 C_6a /0 t*Ldp(t): p e P(]RJF)} . (33)

Proof. Step 1. The functional 5’57& has at least one minimizer (by [24, Theorem 2.1]), sequences
(As) with bounded energy have tightly convergent subsequences (by [14, Theorem 3.1(i)]), and

Es.a I-converges to G, (by Proposition 3.8). Therefore a standard result in the theory of I'-

convergence implies that the minimum value of &5, converges to the minimum value of G,:

lim [~ = mp(e,0)| = min G
5-0 |\ 8(1 — a) PR m(axrt)
We are thus left with proving that
. 1
\min G = Cyla) [ f@)7% da, (34)

where Cp(«) is defined in (33).
Step 2. For each x € Q, define G% : P(RT) — R by

Ga(p) = Glp) + F() - /0 "L o),

By definition, if A = fdx ® A\*,
Go()) = / = (W) da. (35)
Q

For each z € Q, GZ is lower semi-continuous since G is lower semi-continuous [14, Prop. 3.2(i)]
and since p — [ t*"1dp(t) is lower semi-continuous [65, Lemma 1.6]. By [14, Prop. 3.2(iv)],

V2,2 /Oootdp(t) < G(p)

where v59 = [ B1(0) |z|? do. Therefore, for each x € , minimising sequences for GZ are tight.
Consequently G has at least one minimizer.
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We claim that there exits a Borel measurable function x — p® € P(R1), z € Q, such that

Z(p") = min G, 36

Galp") = min Ga (36)

This will follow from Aumann’s Selection Theorem (see [38, Theorem 6.10]) once we prove that

the graph of the multifunction T' : Q@ — 2P®")\ ), defined by I'(z) := argmin GZ, belongs to

B(2) ® B(P(R™")), the product o-algebra of the Borel sets of Q and the Borel sets of P(R™).
To prove this, we define the function ¥ : Rt x P(R*) — R by

U(s,p):=G(p)+s % /000 t*~Ldp(t).

1l -«

In the following, the target space R will always be equipped with the Borel o-algebra. For each
p € P(RT), the function s — ¥(s, p) is continuous. For each s € RT, the function p — ¥(s, p) is
lower semi-continuous and hence B(P(R™"))-measurable. Therefore ¥ is a Carathéodory function
and hence B(R1) @ B(P(R™))-measurable (see, e.g., [1, Lemma 4.51]). Define the composite
function @ : Q@ x P(R*) — R by

®(z, p) := W (f(x), p) = Galp)-
This is B(Q2) ® B(P(R"))-measurable since f and ¥ are Borel measurable.

We claim that the map x — min,cpr+) ®(z, p) is B(Q)-measurable. Then @ : QxP(R*) — R
defined by ®(z,v) := min,epr+) ®(z, p) is B(Q) ® B(P(R*))-measurable (since ® is constant
in its second argument). The required B(Q) ® B(P(R™))-measurability of graph of the multi-
function I' then follows by noticing that

graph(I') = (® — @)~ ({0}).

To show that z — min cpr+) ®(z,p) is B({2)-measurable, we write it as the composite func-
tion z + f(z) = min,cpm+) VY(f(z),p). This is B(2)-measurable since x — f(x) is B(Q)-
measurable and s — min,cpr+) ¥(s,p) is the pointwise infimum of a family of continuous
functions, hence upper semi-continuous and B(R™)-measurable. This completes the proof that
there exists a Borel measurable function z — p* € P(R™) satisfying (36).

Step 3. Define X := fdz ® p* € M(Q2 x R1), where p® is the minimizer of G¥ constructed in
Step 2 (note that A is well-defined by [2, Definition 2.27] since x +— p® is Borel measurable and
hence Lebesgue measurable). By equations (35), (36), A is a minimizer of G, and

; — ; z . +
M(Isglgiﬂga = /len {GZ(p) : p € P(RY)} da. (37)

We now rewrite

min {G2(p) : p € P(R)}
as follows. For a > 0, define the dilation L% : RT — R* by L%(t) := at. Let p € P(R") and
consider the push-forward p, := L% p € P(RT). It was proved in [14, Prop. 3.2(ii)] that

G(pa) = aG(p). (38)
Note that - -
/ t* L dp,(t) = a7t / t*Ldp(t). (39)
0 0
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N .
Fix x € Q and let a := f(z) 2==. By (38) and (39) we can write

G2(0) = (o) + o) [T et apte) = 57 [l + 12 [T o] a0

11—« 0 -« 0
Therefore, by using (40) and the definition of Cp(«) (see (33)), we have that

win {G2(0): p € PR} =nin {G(o) + o)1 [T e apin):p e PN |
—aJo
_1
= f(z)>==Cp(a) (41)
for all x € Q. By combining (37) and (41) we prove (34) and conclude the proof. O

Remark 3.11. Let @ C R? be a unit square. Taking @ = Q and f = 1¢ in Corollary 3.10
yields
1 N,

Cp(a) = lim % mmin 5imo‘+W2(]l )€ Pa(Q) (42)
p - §50 5(1 _ a) P ) oL, )+ b d .
By Corollary 3.10, in order to prove Theorem 1.1 it is sufficient to prove that
2 -«
Cpla) = 1—a

for all @ € (—oo,@]. The next result, which is analogous to the monotonicity of the map
a — C¢(a), means that in order to prove Theorem 1.1 for all o € (—o0, @), it is sufficient to
prove it for the single value o = @.

Lemma 3.12 (Monotonicity of the constant Cp). Assume that for some & € (—o0, 1),

2—a
Cy(a) = —— cs.
p(a) 1-5%
Then 5
-«
Cp(a)—l_aCG

for every a < a.

Proof. Recall from Remark 3.6 that ¢g = G(61). By (33), for all o € (—o0,1),

6  2—«

Cpla) < G01) + 2 / T a4, (8) = e + 6. (43)

—a Jy l—-a 1-a«
Write Cp(a) = min{F(a, p) : p € P(RT)}, where

Plap) = Gl + 12 [Tt e,

11—«

For all p € P(R), @ € (—00,1), we have

00 afl_l

dp(t).

Let ¢(t,a) = (t*~! —1)/(1 — a) denote the integrand on the right-hand side. Then
(1 —a)?0ad(t,a) =t* 11+ (1 —a)lnt) — 1 =:9(t, ).

F(a,p) — F(a,01) = G(p) — G(01) + 06/0 1—a
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Smce Oath(t,a) = (1 —a)(Int)?t*1 > 0 and (¢,1) = 0, we obtain that ¥(¢,a) < 0 for all
€

€ (0,00), a € (—00,1). Therefore d,¢ < 0 and ¢ is non-increasing in «. Consequently the
map a — F(a,p) — (a, d1) is non-increasing.
Let & € (o0, 1) be such that
9_ 4
Cpl@) = T—5 6 = F(@, )

For all p € P(R') and all o € (—o0, @],
F(aap) - F(O[7 51) > F(d)p) - F(dv(sl) > Cp(d) - F(daél) =0.
Taking the infimum over p gives

2 —«

Cp(a) > F(a,01) = C6- (44)

1-a
Combining (43) and (44) completes the proof. O

4. THE PENALIZED OPTIMAL LOCATION PROBLEM: PROOF OF THEOREM 1.1

This section is devoted to the proof of Theorem 1.1. In particular, we prove that

22—«
— Cp.

Cp(a): 1_a

The upper bound is easy to prove:

Lemma 4.1 (Upper bound on Cp(«)). For all a € (—00,1),

2 -«

Cp(a) < C6-

l-«a
Proof. Recall from Remark 3.6 that G(d1) = ¢. Therefore

(33) co

Cg 2—«
a) < G(61) +
Cp( ) = ( 1) 1

/ ot déy (t) =cg + = c6.
0

11—« 1l -«

O

Remark 4.2 (Direct proof of the upper bound). Lemma 4.1 can also be proved without using
the result from [14] that G(d1) = ¢¢. Instead we can start from equation (42) and directly build a
sequence of asymptotically optimal competitors ugs supported on a subset of a triangular lattice.
This is done by covering the square ) with regular hexagons of a suitable size and making the
heuristic calculation from Remark 1.3 rigorous; cf. [18, Lemma 8].

The matching lower bound
9_ &
g Ce (45)

—

Co(@) 2

requires much more work. Owing to Corollary 3.10 and Remark 3.11 we can assume without
loss of generality that

Q=Q=[-1/2,1/2]*, f=1g.
We will do this throughout the rest of the paper.
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4.1. Rescaling of the energy and the energy of a partition. To prove (45) it is convenient
to rescale the domain . As § — 0, the optimal masses m; in (42) go to 0. Following [18§],
instead of keeping the domain @ fixed as § — 0, we blow up @ in such a way that the optimal
masses m; tend to 1. The following definition is motivated by the heuristic calculation given in
Remark 1.3.

Definition 4.3 (Rescaled domain and energy). For a € (—o0,1) and ¢ > 0, define

1

e = (1)

and define the rescaled square domain Qs by

1
Qé,oa = ‘/:5,2&@'

Moreover, define the set of admissible discrete measures As, by

N, N
Asa = 1= Zmiézi : Ny, € Nym; >0, Zml = Vs % € Qsa, 2 F2jif 1 #
i=1 i=1

and define the rescaled energy Fs, : Aso — R by

Ny

Ce o

Foalw) === mi + Wi(lg,,. 1)- (46)
i=1

Remark 4.4 (Restating Cp(«) in terms of Fj,). Let p =Y. m;d;, € Pa(Q). For o € (—o0,1)
and § > 0, define z; := V;;lfzi, mj := Vs ams, and fi5q = > ; Midz, € Asqo. Then

Vs Foallise) =06 Y mi+W3(lg, n). (47)

Therefore, by (42) and (47),
Cpla) = %in% Vs tmin {F5a(p) i pp € Asa}- (48)
4) )

We now state two first-order necessary conditions for minimizers of F;s,. For a proof see, for
instance, [17, Theorem 4.5].

Lemma 4.5 (Properties of minimizers). Let pu = Zf\i‘l m;id,, € Asqa be a minimizer of Fsq.
Let T' be the optimal transport map defining Wa(lq;,,, i) and let (w1,...,wn,) be the weights
of the corresponding Laguerre tessellation (see Lemma 2.1).
(i) For allie {1,...,N,}, we have
a

Ww; = —
1—«

(ii) The point z; is the centroid of the Laguerre cell T—1(z;), namely

1
zi = / zdx.
Mi JT-1(z)

In particular, z; € T71(2;).
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Remark 4.6 (Centroidal Laguerre tessellations). Lemma 4.5(ii) implies that minimizers of Fs 4
generate centroidal Laguerre tessellations, which means that the particles z; lie at the centroids
of their Laguerre cells T~1(z;) [19, 73].

In the following it will also be convenient to reason from a geometrical point of view. Each
p € Asq induces a partition of Q5. by the Laguerre cells T—1(z;), where T' is the optimal
transport map defining Wa(1g,,, ). We define a wider class of partitions as follows:

Definition 4.7 (Admissible partitions). Let S5, denote the family of partitions of Qs of the
form C = (Ch,...,Ck) where k € N, C; C Q5,4 is measurable, and Zle Ic, =1 ae. in Qsq.

The advantage of working with partitions instead of measures is that it allows us to localise
the nonlocal energy Fs .

Definition 4.8 (Optimal partitions). Define the partition energy F': S5, — R by

k
F(C) ::Z <1C_6a’0i|a+/c‘ |=’E—£Ci‘2d(£>,

=1

where ¢, = %' fCi x dz is the centroid of C;, i € {1,...,k}. We say that C € S;, is an optimal
partition if it minimizes F.

To each p € As, it is possible to associate an element of Ss, as follows:
Definition 4.9 (Partition associated to a discrete measure). Let u € Asq be of the form
w= Zf\i“l m;d,,. Define CH = (CY, ..., CK,‘L) € S50 by
Ol =T (%)
for all i € {1,..., N, }, where T is the optimal transport map defining Wa(1g; ., 1)-
Remark 4.10 (Equivalence of the partition formulation). It was proved in [18, p. 125] that
min{Fs (1) : p € Aso} = min{F(C) : C € S5}

Let u = Zf\i‘l m;d, be a minimizer of F5,. Fori € {1,...,N,}, let n; denote the number of
edges of C¥. Then we can bound the energy from below as follows:
Nu NH
_ _ 6 7 2 C6 L 12
Foalp) = K€ =3 (1_@1@ o [ e dx> >3 (12,1t + enler?)
by Lemma 2.3 and Remark 2.4. For o € (—00, 1), define g, : [0,00) X [3,00) — R by
Jgo(m,n) = . C_6 m® + c,m?.
In this notation the lower bound above becomes
Ny
Fsalp) =F(CH) = Zga(‘ci#‘,ni)- (49)
i=1

In the following section we study the function g,.
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0.3
——n=3
025 -~ n=4 :
n=>5 //
—n=6 ya
L —n=7 4
02 /
//
= /
Eots-

0.05

Figure 3. Behaviour of the map m — hq(m,n) for different values of n and for o = 0.583.
Note that ho(0,n) <0 for n € {3,4,5}, even if this is not evident from the figure.

4.2. The convexity inequality. We start by proving a technical result that plays the role of
a convexity inequality for g,. We want to show that, for large enough values of m,

ga(m,n) > ga(1,6) + Vga(1,6) - (m — 1,n — 6).
Writing this out explicitly gives

e e LR ! (50)
where 3
27 5v'3
R = Gncn|n:6 = TB - 7324 < 0.

For a € (0,1), define the function h, : [0,00) X [3,00) — R to be the difference between g, and
its tangent plane approximation at (1,6):

ha(m,n) :=ga(m,n) — (9a(1,6) + Vga(1,6) - (m — 1,n — 6))

)= s~ o).

Note that in this section we restrict our attention to a > 0 without loss of generality since by
the monotonicity result (Lemma 3.12) in the end we only need to consider « = @ = 0.583. The
typical behaviour of the function m +— hy(m,n) is depicted in Figure 3. Our aim is to prove
that hq(m,n) is non-negative for all integers n > 3 for large enough values of m, as suggested
by the figure.

Cg 2—«

m® + c,m? — cg <

:1—a 1«

Lemma 4.11 (Positivity of hg). Let n > 3 be a integer. If hg(mi,n) > 0 for some m; > 0,
then hg(m,n) >0 for all m > m;.
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Before proving this, we prove the following easy but important corollary, which allows us to
reduce the proof of the convexity inequality ha(-,n) > 0 for all integers n > 3 to the finite
number of cases n € {3,4,5}:

Corollary 4.12 (Reduction to n € {3,4,5}). Let n > 6 be an integer. Then hg(m,n) > 0 for
allm > 0.

Proof. Observe that hg(0,n) = —x(n —6) > 0 for all n > 6. Therefore the result follows
immediately from Lemma 4.11. O

On the other hand, hz(0,n) < 0 for n € {3,4,5}. This is why in the next section we will
need to prove a lower bound on the masses m; of minimizers of F55 to ensure the validity of
the convexity inequality (50).

Proof of Lemma 4.11. Step 1. First we study the shape of the function m — hq(m,n). In
particular, we show that it has exactly one local minimum point. Its derivative is

9 _
Omha(m,n) = ] facﬁm“_l + 2¢c,m — Coq— Z.

It is easy to see that Opyhe(m,n) is strictly convex in m (since a > 0). Therefore m —
02, ha(m,n) is increasing and so m — 9y, ha(m,n) has at most one critical point. On the other
hand, lim,,—0 Onha(m,n) = +00, limy, 00 Omha(m,n) = 4+o0o0. Therefore m — Ophq(m,n)
has exactly one critical point and m +— hq(m,n) has at most two critical points.

Next we prove that m — hq(m,n) has exactly two critical points. It is sufficient to prove
that

(51)

Omha(1/2,n) <0
for all n > 3 (since lim,,—0 Omha(m,n) > 0 and lim,, oo Omha(m,n) > 0). We have
a2l= — 924 ¢

Omha(1/2,n) = ¢ =

+ cp. (52)

It is straightforward to check that

d a2 —2+a (o)
dov 1-« (1 -a)? (53)

with
Y(a) =271 —aln2+a’mn2) —1.
Differentiating again gives
V' (a) = q(a)2' 7 1n 2, g(a) == —a’In2+ (2+1n2)a — 2.

The concave quadratic polynomial ¢ has roots @« = 1 and a = 2/In2 > 2. Therefore, for all
a€(0,1), ¢ga) <0, ¥'(a) <0, and

P(a) 2 ¢(1) = 0. (54)
From equations (52)—(54) we conclude that o +— 0ha(1/2,n) is increasing. Therefore
2™ -2+«

Omha(1/2,n) < lim 05,ha(1/2,n) = lim ¢ +cpn = (n2—2)cs + cp.
a—1 a—1

l-«a
Since n — ¢, is decreasing (see Lemma 2.5),
Omha(1/2,n) < (In2 —2)cg 4+ ¢3 < —0.017 < 0



ASYMPTOTIC OPTIMALITY OF THE TRIANGULAR LATTICE 27

as required.

We have shown that m +— hy(m,n) has exactly two critical points. The smallest critical
point is a local maximum point and the largest critical point is a local minimum point (since
m +— 92, ha(m,n) is increasing). Let m(a,n) denote the local minimum point. To prove the
lemma it is sufficient to prove that

o(a,n) = ho(m(a,n),n) >0 (55)

for = @ and for all n € NN [3, 00).

Step 2. Next we prove (55) for the case n = 6. A direct computation shows that 1 is a
local minimum point of m — hy(m,6) for all @ € (0,1). Therefore m(«,6) = 1 and ¢(a,6) =
ha(1,6) = 0.

Step 3. Next we prove (55) for the case n € {3,4,5,7}. Let

0.764 n =3, 0.765  n =3,
0.946 n=4, 0.947 n=4,
mi(n) = ma(n) :=
0.98705 n =5, 0.9871 n =5,
1.00516 n =17, 1.00518 n="7.
Then numerically evaluating 0,,hg gives

—8x107% n=3, 3x107° n=3,
-2x107° n=4 8x 1070 n=4
Omha ,n) < ’ Omha ,n) > '
mha(mi(n):n) 9§ ) 106 s, mha(ma(n),n) 20 01 s,
—4x10" n=7, 1x1077 n="1.

Let n € {3,4,5,7}. By the Intermediate Value Theorem, the map m — 9hgz(m,n) has a root
between mi(n) and ma(n). Moreover, since Op,ha(mi(n),n) < 0, we have bracketed the largest
root m(a,n): my(n) < m(a,n) < ma(n). Therefore

2x1072 n=3,
3x107% n=4,
5x107% n =5,
2x107% n=1,

—m1(n)® + cpymi(n)? — cg (i — 0<> ma(n) — k(n —6) >

o >

which proves (55) for the case n € {3,4,5,7}.

Step 4. Finally, we prove (55) for the case n € NN [8,00). To do this we prove that
Onp(a,n) > 0 for n > 7. Then the result follows from the case n = 7 proved in Step 3. By
definition of m(a,n), for all @ € (0,1), we have 9p,hq(m(a,n),n) = 0. Therefore

Onp(a,n) = %—;(fn(a,n),n) = m%(a,n) Opcn — K.

Since n > ¢, is convex (Lemma 2.5), then d,¢, is increasing and we get the lower bound
Onp(a,n) > m%(a, n) Opcplner — K (56)
for all n > 7. We will prove below that

(57)

m(a,n) <

DO o
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Observe that

1 1 T 9 (T 0 o (T
e = —en+ 57 (g sec® (3) + 2 s (7)) (58)
From (56), (57), (58) we obtain that

2
Onp(@,n) > m%(@,n) Opcplpn=r — K > (2) (Oncn)|n=r — k> 1.5 x 107° > 0,

as required.

To prove (57) we reason as follows. Using (51) and the fact that n — ¢, is decreasing
(Lemma 2.5), we deduce that n — 9p,ha(m,n) is decreasing for all m, and hence n — m(a,n)
is increasing. Therefore m(a,n) < m(a, o), where m(«, oo) is defined to be the largest root of

2 —«

Omha(m,o00) := 1 ilaCGma_l + 2¢ocm — cg T

where ¢ was defined in Lemma 2.5. We want to show that m(a@, oco) < 3/2. We have

Omha (1,00) = 7 6+ 2000 — o g < —0.0024 < 0,

-« 2 2 -«

o 3\ 3 2-a
D (3/2,00) = 2 6<) +20d el =0 020

Therefore m(a@, o0) € (1,3/2) by the Intermediate Value Theorem. This proves (57) and com-
pletes the proof. O

Remark 4.13. Despite the fact that we used the specific value of @ in several places in the
proof of Lemma 4.11, we expect Lemma 4.11 to hold for all « € (0,1).

4.3. Lower bound on the area of optimal cells. Let u = Zi\i“l m;0,, € Asm be a minimizer
of Fsz. We will prove the convexity inequality hg(m;,n) > 0 for all i € {1,...,N,}, n €
N N [3,00). The idea is to prove a lower bound m; > T such that hz(m,n) > 0 for all
n € NN [3,00). Then the convexity inequality follows from Lemma 4.11.

We prove the lower bound m; > T following the strategy of the proof of [18, Lemma 7],
which was developed for the case @ = 0.5. The main differences are that we have to deal with
the more difficult case of @ = @ > 0.5 and that we optimise some of the estimates. Our proof
can be used to give a lower bound m on the areas m; for all a € (0, 1), but this lower bound
does not satisfy the convexity inequality hq(m,n) > 0 if & > @. Our lower bound on the area
of the cells holds for cells with arbitrarily many sides, although by Corollary 4.12 we only need
the lower bound for cells with 3, 4 or 5 sides. We saw no advantage in the proof of restricting
the number of sides.

The following result gives the difference in energy of a partition and the one obtained by
merging two of its cells. Recall that S5, and F were defined in Definitions 4.7 and 4.8.

Lemma 4.14 (Merging). Let C = (C1,...,Ck) € S50, k > 2. Fori € {1,...,k} let m; = |C}]
and let z; € C; be the centroid of C;. Define D € S5, by D := (C1 UCy,C3,...,Cy). For all
a € (—o0,1),

C6

F(D) = F(C) = t—— ((ma +m2)* = mf —m§) + |22 — 21|

mimsa

_ 59
mi + ms (59)
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Bg(z)

Ba(?) —

Figure 4. The construction inside the ball Br(Z) (see the proof of Lemma 4.15).

1 1
z1:/ rdx, 22:/ zdz.
mi Jco, ma Jc,

Let z € C7 U (5 be the centroid of Cy U Cs:
mi ma

Proof. By definition

Z=———21+——"—29
mi1 + msg mi1 + ms

A direct computation gives

/ |x22dx/ ]:U21]2dx/ |z — 25|* dz
C1UCo C1 Co

:/ (12° =22 - 2 — |21 |* + 22 - 21) d:v+/ (|2]” =222 — |20)* + 22 25) d=
C1 C2

= m1\2|2 —2miz1 - Z + m1\21|2 + m2\2|2 — 2mozg - Z + m2\22|2
= ml\z — 21’2 —l—m2|2— 2’2|2

2 2

ma m1
=mp|——— (22— 2 +my | ——— (21 — 2
! m1+m2(2 1) 2 m1+m2(1 2)
mimsa 2
mi + mo
The result now follows immediately from the definition of F'. O

We now prove a lower bound on the area of optimal cells, as well as an upper bound on the
diameter of the cells and the maximum distance between the centroids. The latter two estimates
will be used later to deal with the fact that the lower bound on the area of cells close to the
boundary of Q57 is not good enough to ensure the validity of the convexity inequality (50).

Lemma 4.15 (Lower bound on the area of optimal cells). Let p = Zf\i‘l m;d.;, € Asm be a
minimizer of Fsm. If 0 > 0 is sufficiently small, then the following hold:

(i) If dist(2;, 0Qs@) > 4, then

m; > = 2.0620 x 1074,
(ii) If dist(z,0Qsa) < 4, then

m; > my = 1.5212 x 107°.
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(ili) Let B C Qs5a be a ball of radius R. If B Nsupp(p) =0, then R < Ry := 3.3644.
(iv) Let T be the optimal transport map defining Wa(lg, ., ). For alli € {1,..., N},

1
= _ o\ 2
diam(T*I(zi)) < Dg:=2 <8R8 + 1 a66m§_1> .
@)

Proof. Step 1: Upper bound on the distance between Dirac masses. Let zZ € supp(u) satisfy
dist(z,0Qsz) > 4. Take R € (0,4) such that Br(Z) Nsupp(p) = {Z}. We want to get an upper
bound on R. Let S : Br(z) — supp(u) be any Borel map. Then

/ |95—S(x)|2dx:/ |:1:—S(x)|2da:+/ lx — S(x)|* da
Br(Z) Br/2(2) Br(Z)\Bgr/2(%)

z/) u—a%u+/
Bpy2(2) Br(2)\Br/2(2)

_ T 4
_12R. (60)

2
T — Ri‘ dx
|z|

It is now convenient to use the partition energy F. Let C* be the partition associated to
the minimizer p (see Definition 4.9). Consider the partition C € S5, obtained by modifying
C" in the ball Bg(z) as follows. Write C* = (Ci,...,Cy,) and define C; = C; \ Bg(z) for
ie{l,...,N,}. Let {H;} be a tiling of the plane by regular hexagons of area A, where A >0
will be defined below, and let f{vj = H; N Br(Z%). Define C to be the partition consisting of the
sets C; for all i € {1,... , N, } and ij for all j such that f—[v] # (); see Figure 4.

Let dy := 925371 A% be the diameter of a regular hexagon of area A. The number of hexagons
N4 needed to cover a ball of radius R is bounded above by

2
Ny < M' (61)
A
IfHeCisa (whole) regular hexagon of area A with centroid &z, then
6 a 23._ % & 2
_|H] +1/ o — P de = —O AT 4 o2, (62
11—« H 11—«

Since p is a minimizer of Fsg, then C* is a minimizer of F'. Therefore

0> F(C*) — F(C)
NN

C6 a 2 2
> Cﬂ‘%—/ x — &g, d:n+/ x — &, dx
2 —a QVm@| | qm&a” |

=1
(

N,
(&3] N 2
_ _|C; \ Br(z +/‘ x—Eonppn)|° dw
> (1 —I|Ci\ Br(2)] Ci\BR(g)! €c\Br(2)] )

C —
p@4(1 6uﬂa4/"p:gH2dx>
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62) al 2 C6 & 2
> / |z —&c,|“de — Ny — A% + A
i=1 C;NBRr(2z) e
NM
" Lo emtaPdo- [ ool
; ( CA\BR(2) CA\BR(2) \Fr()
CiNBR(2)#0
> [ e S@)Pde- N ( G _yw c6A2) , (63)
Br(%) l-a

where S : Br(z) — supp(p) is defined by S(x) = &¢, if © € C;, and where in the final inequality
we used the property of the centroid that

x—E&c z2dx:inf/ z —y|>da.
/ci\BpAz)’ e\ yeR? ci\BR(a‘ |

Combining estimates (63) and (60) gives

Ce

IN

12R _NA<1 A —1—06A> " 1—aA + cgA (64)

-«

Define

[SIE

12
p(R,A) := R? — (R +dy) (1 €

-«

Ay 12c6A>

Then (64) implies that p(R, A) < 0. The quadratic polynomial R — p(R, A) has one positive
root and one negative root. Let R(A) denote the positive root:

— 1 1
~ 1 Aa—1 2 1 Aa—1 Aa-1 b
ety = & o (2 )] e (2 ) o ()

Since p(R, A) < 0, we have R € [0, R(A)] for all A, and so

R < min R(A) < R(0.52) < 3.3644, (65)
>
where the final inequality was obtained by numerically evaluating §(0.52). The choice A = 0.52

was motivated by numerically minimising R(A).
Step 2: Proof of (i). Let Z € supp(u) satisfy dist(z,0Qsz) > 4. Let Ry = 3.3644. By Step 1,
there exists at least one point z € Bgr,(z) Nsupp(x). In particular,

|z — 2| < 3.3644. (66)

Let m = u({z}), M = p({z}). We can assume without loss of generality that m < M (otherwise
simply interchange the roles of z and z).

Let C* be the partition associated to the minimizer u. We can define a new partition D by
replacing the cells 7-1(z) and T—!(z) with their union. Then Lemma 4.14 yields

mM
m+ M

0< F(D) - F(c") < -

((m+ M)* —m® — M%) + |z — z|?

1-a
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Define X := {7 € (0,1]. By dividing the previous inequality by M @ and rearranging we obtain

— — 1
1 6. LA = (1 + N\ ]
m> | — .
T llE-zP1-a@ Ael?of,l] <(1 A A&

For a € (0,1), let

(67)

(6 (03
Ou(A) = (14 312 Aa(l“) .
We can restrict out attention to o > 0 since eventually we will apply this result to a =@ > 0.
We want to bound O, from below for the case & = @. The idea is the following: We first prove
in Step 2a that the function A — O,(\) has one minimum point for all & € (0,1). In Step 2b
we estimate this minimum point for the case a = a.

Step 2a. In this substep we prove that, for all « € (0, 1), the function A — ©,()) vanishes
at only one point A € [0,1). Fix o € (0,1). We have

1

) = a7 U

1

SHE) L—a) A+ AT — (a+ D)X+ M)A+ al+ M) —a] = S AO-

The strategy we use to prove that there exists a unique A € (0,1) such that A(A\) = 0 is the
following: Using the fact that

A0)<0, A)=@1-a)2-2%>0, A(0)=-a+a®<0,
the desired result is proved once we show that A’ vanishes at only one point A € (0,1). A direct
computation gives
1
B 1

=: m@(k)

AN = (=) T+ )"+ T+ )1+ M) =1 +a® = (1+a))

where
PN =1-a) I+ + A+ a) A+ =1+ -1+ )\
We claim that
(0) <0,  d(1)>0, (68)
and that
' (\) >0 (69)
for all A € [0,1). This will show that ® vanishes at only one point A € (0,1) and, in turn, that
the same holds for A’.
We start by proving (68). Note that ®(0) = —a + o < 0 since a € (0,1). Let
Y(a) = (1) =22"% -2 —a + o’
We want to prove that ¥ («) > 0. Since ¢(1) = 0, it is sufficient to prove that ¢'(a) < 0. Note
that ¢/(a) = —227%In2 — 1 + 20, ¥"(a) = 227%(In2)2 +2 > 0, and ¢'(1) = —2In2+ 1 < 0.
Therefore ¢(a) > 0 for all a € (0, 1), which completes the proof of (68).
Finally, we prove (69). We have
PN =1-a) 1+N)+a(l+a) XTI+ NN+ (1 —a)A 1+ V)" — 1+ ),
"(A) = —a(l—a)*)(1+ X)) —a(l = o)A 21+ N) (1= A) — a(l —a?)A* (1 + )17
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Since ®”(\) < 0 for all X € [0,1), we have that
P'(\) > (1) =21+ a?) — (1 +a) = p(a).
We have
@) =—-In2(1+a)2""*+2a2'7 -1, ¢"(a) =2""*[(In2)’a* —4aln2 + 2+ (In2)?].

Therefore ¢”(a)) = 0 if and only if @ € {a_, a }, where

2+ /2—(In2)?

N In 2 '
Since 1 < a_ < ay, p is strictly convex in (0, «_). Therefore, for all « € (0, 1),

o(@) > o) +¢'(1)(a-1)=(1-2In2)(a—1) > 0.
Therefore ®'(\) > () > 0, which completes the proof of (69). B
Step 2b. Let A € (0, 1) denote the unique root of ©5. We now estimate Oz(\) = infye(o,1] Oa(N)-
Let A1 = 0.160764 and Ao = 0.160767. Numerically we see that

OL(\) < —2x107% <0, OL(X2) >2x107% > 0.
Therefore A € (A1, A\2) by the Intermediate Value Theorem. Recall that
OLN) = A1 — @A+ AT+ (1 + N (@ - \) —al.
Therefore, for all A € (A1, A2),
OLN) S AT —@) A+ AT (T + )@ —M\) —a@] <6.2x 107°
AL > AT (1 — @)\ F AT (1 +A)%@ — X)) —a] > 6.3 x 107°.
Therefore |OL()\)| < 6.3 x 107° for all A € (A1, A2). It follows that
Ox(A) > Oa(A1) — (A2 — A OF]| oo ((ag,00)) = 0.85482. (70)
From (66), (67) and (70) we conclude that

1

1 C6 -« 4
- 0.85482 2.0620 x 1074 = 71
"= <(3.3644) 1- ) ” % m’ (71)

which proves (i).
Step 3: Proof of (i11). This is very similar to Step 1. Let B = Bpr(xg) C Qsa satisfy
Bnsupp(p) = 0. Let S : B — supp(p) be any Borel map. We have

/ 2 — ()2 da > / dist(z, B)% dz > / dist(z, {z0} UOB)? dz &
B B

The second inequality is clearly suboptimal, but it is sufficient for our purposes. Repeating

exactly the same argument used in Step 1 (with Br(Z) replaced by B) gives R < 3.3644, as

required.

Step 4: Proof of (ii). Let z; € supp(u) satisfy dist(z;,0Qs55) < 4. Let U be the square
U={z € Q57 : dist(z,0Q55) > 4}. Take x € OU satistying |z — z;| = dist(2;,0U). Let K be
a closed square of side-length 2Ry such that x € 0K and K C U (such a square exists if § is
sufficiently small). By Step 3, there exists z; € supp(p) N K, z; # 2z;. Therefore

2 — zj| < |zi — 2| + |z — 2j| < V32 + diam(K) = v32 + V8Ry. (72)

s
— R
12
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Without loss of generality can assume that m; < m (otherwise m; > m > my and there is
nothing to prove). Let T be the optimal transport map defining Wa(1g;,,x). Let z € T (z).
By Lemma 2.1 and Lemma 4.5(i),

o = a
\z—zi]—i-l_acﬁma S\z—zj\—i-l

(2
By Lemma 4.5(ii), z; € T~!(z;). Taking z = 2; in (73) gives

chja_l. (73)

@ c6mza <z

1-o
by (72) and Lemma 4.15(i). Therefore

m; > [ (
Cex
as required.

Step 5: Proof of (iv). Take any x € T~ !(z;). Let K be a closed square of side-length 2R
such that z € K and K C Q5 (such a square exists if ¢ is sufficiently small). By Step 3, there
exists at least one point z; € supp(u) N K. Therefore |z — z;|* < diam(K)? = 8RZ. By Lemma
2.1 and Lemma 4.5(i),

1

e 1)]“ > 1.5212 x 107

[} 5 [}

|z — 2] < |3§'—Zj|2+1_a06m?71— T cem m® 1 < 8R3 + T acmng‘ !
By Lemma 4.5(ii), z; € T~!(z;). Therefore
1
a 2
diam(T7 (%)) <2 max |z —z| <2(8R:+ CGmg !
z€T~1(z;) 1-—
as required. O

The lower bound we obtained in Lemma 4.15(i) is good enough to ensure the validity of the
convexity inequality (50):

Corollary 4.16 (Convexity inequality). Let u = Efvz“l m;d,, € Asa be a minimizer of Fsg. If
d > 0 is sufficiently small and dist(z;, 0Qsg) > 4, then
hg(mi,n) >0 VneNN[3,00). (74)
Proof. Recall that 70 = 2.0620 x 10~%. By a direct computation we see that
ha(@,3) >7x 1077 >0,  hg(@,4) >8x1071 >0,  hg(@,5) >1x107%>0.
Therefore (74) follows from Lemma 4.15(i), Lemma 4.11 and Corollary 4.12. O

4.4. Proof of Theorem 1.1. We are now in position to prove one of our main results.

Theorem 4.17 (Lower bound on Cp(@)). We have

y
Col@) > T2

— Cg-
-«

Combining Theorem 4.17 with Lemma 4.1, Lemma 3.12 and Corollary 3.10 completes the
proof of Theorem 1.1.
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Proof of Theorem 4.17. By (48) it is sufficient to prove that

. 1. 2—w
lim Vi min {Foa (i) 4 € Asa} > T—— ¢6. (75)

Let u = Zf\i‘l m;0., € Asm be a minimizer of 55 and let
IT={ie{l,...,N,} :dist(z;,0Qs5a) > 4},
J={je{l,...,N,} : dist(z},0Qs5a) < 4}.

Let U be the tubular neighbourhood of 0Qs & of width 4 + Dy, where Dy was defined in Lemma
4.15(v):

(76)

U={z+y:2€0Qs5a, y<€ Biyp,(2)} NQsa-
Let T be the optimal transport map defining W2 (1, ., ). By Lemma 4.15(v),

U717 cw (77)
JET
Recall that Qs is a square of side-length V2 /2 By Lemma 4.15(iv), |T71(2;)| > my, for all
j € J. Therefore, for § sufficiently small so that Vl/ > 2(4 + Dy),

U] Via = (Ve = 2(4+ Do))?

#J < (78)
my,
Hence 27
lim Y —
fim = =0 (79)
Since Ef\i‘l m; = Vs, we have
N, -
1> %;Zm, f‘/;;alzmz V;;JZm] Z 1—%J\U|
€T =1 JjeT
Using this and (78) we conclude that
lim V; ! ;=1
Vi o (80)

For i € {1...,N,}, let n; be the number of edges of the convex polygon T~Y(z). Recall from
Lemma 2.6 that

Ny
> (ni—6)<0. (81)
i=1
Finally, we put everything together to complete the proof:
Ny
Vi Foali) 2 Vi 3 gatms,mi) (equation (49)
i=1
i€
> V5> (9a(1,6) + Vga(1,6) - (m; — 1,n; — 6)) (Corollary 4.16)

€L
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9_ =
=Vl Z < f cem; + K(n; — 6)) (equation (50))
o 1-«
i€l
2 il
a _
=——¢C VBO}Zm,—i—V&’al/iZ(m—G) —\/;s’,1 k(n; —6)
€L i=1 jeT
—_————
<0 by (81)
9 =
21 266‘/;{&1277%4“3/{‘/;{51#;7. (k <0, n; >3)
B ieT
Taking the limit 6 — 0 and using (79) and (80) proves (75), as required. O

5. THE CONSTRAINED OPTIMAL LOCATION PROBLEM: PROOF OF THEOREM 1.2

This section is devoted to the proof of Theorem 1.2. The idea is to use Theorem 1.1 together
with the following relation between C¢(a) and Cp(a):

Lemma 5.1 (Relation between the constrained and penalized problems). For all o € (—o0,1),
C6

Cel0) 2 Cpla) — (52)
Proof. By Remark 3.5,
NH
. 1
Ce(o) = lim Li=ainf ¢ W3 (1g, ) : 1 € Pa(Q), ;m? <L
1=
T LL'f WQ 1 Ce La,2 Nu N Co L@ N, .
= 11—« —_— [,/ 1-a o— 11—« -
L1—>Holo m 2( Qnu)_'_l_a ;mz 1— a ;mz
N/»‘
pePUQ), Y mi <L
i=1
> lim L% inf { W3 (Lo, ) + — Li”%: ¢ pe PaQ) “ _prerter
-« _— —« m: o —a «
= L1—>H<;o mn 2L, M 1—a P i M d 1—
6 == 2 al C6
= li — inf ¢ W5 (1 ) Sl -
530 <5(1_a)> m 3 (L, ) + ;mz pePaQ) p— 7
C6
= C.(a)—
b(@) 1— o

a—2
by Remark 3.11. In the penultimate equality we used the change of variables 6 = -6 L1-=. [

11—«

Proof of Theorem 1.2. Let o € (—o0,@l. By Corollary 3.4, in order to prove Theorem 1.2 it is
sufficient to prove that Cc(a) = ¢g. We have

cg = Cc(0) (Remark 3.6)
> Ce(a) (Ce(a) is non-increasing)
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Ce

> Cp(a) —
l1-«o
=cp (Theorem 1.1)

(Lemma 5.1)

as required. O

6. PAVING THE WAY TOWARDS o = 1

In this section we prove an asymptotic crystallization result for the full range of a € (—o0, 1)
under the ansatz (which we are not able to prove) that the neighbouring cells of the smallest
ones are not too large.

Theorem 6.1 (Asymptotic crystallization for all a € (—o0,1)). Let o € (—00,1) and § > 0.
Let p = Zi\i‘l m;ibz;, € Asa be a minimizer of Fso. Let iy € {1,...,N,} be the index of the
smallest cell: m;, = min;m; (i. need not be unique). Let T be the optimal transport map
defining Wa(1q; ., p). Assume for all 0 sufficiently small that the area of the ‘closest neighbour’

to the smallest cell is no more than % times the area of the smallest cell, i.e., m; < %mi* for
all j such that

dist(z;,, 0T 1(2;,)) = dist(z., 0T (25)) =: d, ;.
Assume also that, for all & sufficiently small, z;, is not too close to the boundary:
Bdi*j (Zi*) C Q§,O{'
Then the asymptotic crystallization results (13) and (14) hold.

First we prove an analogue of Lemma 4.11 for « close to 1.

Lemma 6.2 (Positivity of h, for « near 1). There exists € > 0 such that, for all a € (1 —¢,1)
and all integers n > 3, the following holds: if ho(mi,n) > 0 for some my > 0, then ho(m,n) >0
for allm > my.

Proof. Define hy : (0,00) X [3,00) — R by

hi(m,n) = lim1 ha(m,n) = com?® — cgm — cemInm — k(n — 6).
a—

Step 1. We claim that h, converges to h; locally uniformly in m and uniformly in n as o — 1.
Let m € (0,00), n >3, a € (0,1). Then
1 m*—m+ (1 —a)mlnm 0()
cﬁ( a(m7n) 1(m7n)) ]._Oé 1—O[
Observe that 6(1) = ¢'(1) = 0 and 6”(a) = (Inm)?>m®. By Taylor’s Theorem, there exists
B(a) € (a, 1) such that
1 1

Jha(m,n)  a(m,m)] = (1~ @)|6"(B(@)] = 3 (1~ a)(inm)m ).
Co

Fix my,ma € (0,00). Then

lim  sup |ho(m,n) — hi(m,n)| < lim 0—6(1 —a) sup (Inm)*m?@ =0
a—1~ me[mi,ma] a—1- 2 me[my,ma)
née(3,00)

as required.
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Step 2. Next we study the shape of the function m — hi(m,n). Its derivative is
Omhi(m,n) = 2c,m — 2¢6 — cg Inm, (83)

which is strictly convex in m with lim,,—0Opnhi(m,n) = 400, limy, o0 Opnhi(m,n) = +oo.
Therefore m +— 0p,h1(m,n) has exactly one critical point, which is m = 5%. Since n + ¢, is
decreasing,

Omh1 ﬁ,n = —cg —cgln 6 < —cg—cgln <6 < —=0.019 < 0.
2¢y, 2cy, 2c3

Therefore m +— hi(m,n) has exactly two critical points, the smallest critical point is a local
maximum point, and the largest critical point is a local minimum point. Let m(n) denote the
local minimum point. By the calculation above,

m(n) > — > —. (84)

Define ¢(n) to be the value of hi(-,n) at its local minimum point:

p(n) := hi(m(n),n).
Observe that 0,,h1(1,6) = 0. Therefore, by (84), the local minimum point of h; is m(6) = 1
and ¢(6) = 0.
Step 3. We claim that there exists a constant ¢ > 0 such that ¢(n) > ¢ for all integers
n > 3, n # 6. First we show that it is sufficient to prove this for the finite number of cases
n € {3,4,5,7}.
Step 3a: Reduction to the case n € {3,4,5,7}. By equation (83), for all n > 3,

Omh1(1.05,n) = 2¢;, - 1.05 — 2¢6 — ¢6In(1.05) > 2¢o - 1.05 — 2¢6 — ¢ In(1.05) > 0.005 > 0.

Therefore
(n) < 1.05. (85)
For alln > 7,
ohy : _
Onp(n) = %(m(n),n) (since Ophi1(m(n),n) = 0)

=m2(n) Opcn — K

> m2(n) Oncnlner — K (by Lemma 2.5)

> 1.05%2 Opcnlnr — K (by (85))

>4 x 1074
Therefore ¢ is increasing for n > 7. Consequently, for all integers n > 3, n # 6,
p(n) > min{p(3), p(4), o(5), o(7)}. (86)

Step 3b: Proof for the case n € {3,4,5,7}. We show that the right-hand side of (86) is
positive. Let

0.66 n =3, 0.661 n—3,
0.92 n=4, 093 n=—4,
mi(n) := ma(n) :=
0.981 n =25, 0982 n=3,

1.007 n=717, 1.0075 n="17.
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Then evaluating 0,,h; gives

—7x107° n =3, 6x 107 n=3,

—7x107* n=4 8§x107* n=4

Omh , < ’ Omh , > ’
1(mi(n),n) < 1x104 n=5, mhi(ma(n),n) > 4%x107° n =5,
_5><10—5 n:’?’ 2)(10_5 n=".

Let n € {3,4,5,7}. By the Intermediate Value Theorem, the map m +— 0hj(m,n) has a root
between m;j(n) and ma(n). Moreover, since Op,hi(mi(n),n) < 0, we have bracketed the largest
root m(n): mi(n) < m(n) < ma(n). Therefore

0.01 n=3,
9x107* n =4,
2x107* n=35,
1x107* n=T1.

@(n) > cumi(n)? — cema(n) — cgma(n) Inma(n) — K(n — 6) >

Combining this with (86) proves that ¢(n) > ¢ > 0 for all integers n > 3, n # 6.

Step 4. By Step 1 of the proof of Lemma 4.11, the function m — hq(m,n) has at most two
critical points for all @ € (0,1), n > 3. If it has less than two critical points, then Lemma
6.2 follows immediately, so we just need to consider the case where it has exactly two critical
points. By Step 1 of the proof of Lemma 4.11, the smallest critical point is a local maximum
point and the largest critical point is a local minimum point.

By Step 1, hy converges to hi uniformly on the interval [cg/(2¢3),1.05] X [3,00). Observe
that the local minimum point m(n) of m — hji(m,n) lies in the interval [cg/(2¢3), 1.05] by (84)
and (85). Let n be an integer, n > 3, n # 6. By Step 3, hi(m(n),n) > ¢ > 0. Therefore, for a
sufficiently close to 1, the value of m — hq(m, n) at its local minimum point is also positive by
the uniform convergence. This proves Lemma 6.2 for the case n > 3, n # 6.

Finally, the case n = 6 follows immediately from Step 2 of the proof of Lemma 4.11, where
it was shown that the value of hq(m,6) at its local minimum point is 0 for all @ € (0,1). O

An immediate consequence of Lemma 6.2 is the following convexity inequality:

Corollary 6.3 (Reduction ton € {3,4,5}). Let n > 6 be an integer. If o € (0, 1) is sufficiently
close to 1, then ho(m,n) > 0 for all m > 0.

Proof. Observe that h,(0,n) = —x(n — 6) > 0 for all n > 6. Therefore the result follows
immediately from Lemma 6.2. ]

Now we are in a position to prove the main theorem of the section.

Proof of Theorem 6.1. By the monotonicity result (Lemma 3.12) we can assume that o € (0, 1).
Let 1 and z;, be as in the statement of Theorem 6.1. To simplify the notation, let z = z;,,

m = p({Z}) = min{u({z}) : z € supp(p)}. Let z € supp(p) satisfy
dist(z,0T71(2)) = dist(z, 0T ' (2)) =: d.

Let z belong to the edge ez, := T—1(Z) NT~1(z) and let z satisfy |z — 2| = d, which means that
x is the closet point on the boundary of the Laguerre cell T=1(Z) to z. Define M = u(z). By
assumption, M < 1749m.
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Step 1: Upper bound on |Z — z|. The point x lies in the edge ez,. Therefore by Lemma 2.1
and Lemma 4.5(i) we have

« _
ceMO L.

2 a a=1 _ 1. _ 2
|z — Z| o cem |z — | 1.

Moreover, x = Z + t(z — Z) for some t € (0,1) (since x is the closest point to Z in the edge ez,
which has normal z — Z). Solving for ¢ gives
_ 1 . g a Mot _mol ( 2)
— = —_ _— Z—Z).
2 21—-a |z—2z

X

The term in square brackets is positive since z lies in its Laguerre cell T—1(Z) (Lemma 4.5(ii)).

Moreover, the ball By(Z) is contained in the Laguerre cell T—1(Z) (since ez, is the closest edge
to z). Therefore
1 ¢ a M1 _mol

d? < 2
rsmo = ﬂ-[2+21—0¢ z— 2P

2
] |z —Z|? < m.

Let R = |z — Z|. Then we can rewrite the inequality above as

1
R =2 (2)P Rt g (Mo = meh) <0,
m l-«
Thus we get the upper bound
: :
R< (T) 2 4 (m PGV ma—1)> . (87)
T m 11—«

Step 2: Lower bound on m. Let C* be the partition associated to the minimizer . Define a
new partition D by replacing the cells T—1(z) and T—1(z) with their union. By Lemma 4.14

Cg mM
MY — m® — M

_1—a((m+ )T -m )+m+M

By Young’s inequality (a + b)? < 2(a? + b?) and (87) we obtain

Cg mM |2 o
[ (e (6% 2 - _
l—a((m+M) m® — M) + m—i—M{ m — cg

T 11—«
Cg m e m\ <& 1 2 o a M\ !
- (- () ) g [ e ()7
11—« M+ M + %-l—lm Trm Cﬁ1—a m

0< F(D) - F(C*) < 1z — 2|2

0<

]

4

1g- 1. Then rearranging the previous inequality gives the

Define A := §;. By assumption, A € [
lower bound

m?>= > g (N) == (Ao — 1) —

% [ c (88)

()\—1-1)(()\—1-1)0‘—)\0“—1)}
2 |1—a '

2(1 — a)\@

Note that (88) gives a non-trivial lower bound on m only when 7, (A) > 0. For each X € [}, 1]
we have that

1-— 1)?
lim 7 (\) = 71 (N) 1= o0 <A1DA+ A+ 1)°

ot 2 \ 2 on At 1)> ’
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Step 3: Lower bound on Tii(A). We claim that m; is increasing. We have

mes (A 1-X  (A2—1 A
771'1(A):;/’6<—2+12A i " )ln()\+1)+2—;),
mi) = Tt (AL L 8) T a0,
Then
o A=+ DIA+1) ()
YN =m0 TR0+

P'(A) =—In(A+1) <0.
Therefore, for all X € [, 1], ¥(X) < ¥(55) < —0.02 < 0. Hence ¢/(A) < 0 and so
o(\) <

1], my(A) > m}(1) = 1, and so 7 is increasing, as claimed.

7['66

6N < B(f5) < —0.59 <0, () =

We conclude that, for all X € [
Therefore

19
inf 71 (A) = mi(15) > 0.0125. (89)
This is essentially a lower bound on m for a near 1 (we will make this statement precise below)
and it is much better than the lower bound you obtain usmg the method from Lemma 4.15 (but
in Lemma 4.15 we did not make the ansatz that A € [, 1]).
Step 4: Convezity inequality for hi. Numerical evaluation gives
hi (i (55),3) > 4.2 x 1072 > 0,
hi (1 (55),4) > 5.0 x 1072 > 0,
hi (1 (55),5) > 5.9 x 1072 > 0.
Step 5: Uniform convergence of T, to . Set

a A+ DA+ 1) = re—1)

R 11—« _ 1 _
1= (A+1)?
01(A) = 5 In A+ o In(A+1).

By Taylor’s Theorem, for all x € R,
1
le? —1 — 2| = =22t
2

for some £(z) between 0 and z. Since x — e” is increasing we conclude that

e —1—2z| < éx2 max{1,e"} (90)
for all x € R. We estimate
7a(3) =T (V)] = 7 lealX) — @1(M)
< T ()\—1—1)()\—1—1)0‘—)\0‘—1+ (A+1)? In ()\+1)7%)\1 )

-2 2)\« 11—« 2\
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| @ yia_ gy
2l 1) m‘. (91)

For all A € [5,1], we estimate the second term on the right-hand side of (91) as follows:

@ l-a 1 l1-a
— — < — — —
1—040\ 1)—InA|l < « 1_04“ 1) ln)\‘+(1 a)|1ln Al
(1-a)InX _ 1 _ .
(90) 1

< 504(1 —a)|In A+ (1 —a)|ln |

< C(1—a), (92)

where C' > 0 is a constant independent of @ and A. The existence of C follows from the fact

that \ € [%, 1], @ € (0,1). We estimate the first term on the right-hand side of (91) by

A+ A+D* =2 =1  (A+1)2 1+ A
a T a + o A+ 1) 5 InA
A+1|(A+1D)2—x -1
< _
< ox ‘ a + (A4 1)In(A+1) /\ln)\‘
A+1

(93)

1 1' ’()Hrl)o‘—)\“—l’

2 A A
Now we bound the first term on the right-hand side of (93):

A1) — A1

1l -«

+ A+ 1) In(A+1) —)\ln)\‘

l1—«a
a—1 _ 1 _ o a—1_ 1 _ _
< O+ 1) (A+1) 1—( 1)1n()\—|-1)'+)\ A 1—(« 1)1n)\‘
11—« 11—«
(90) 1 1
< 5(A+1)(1—04)|1n(A+1)|2+§Aa(1—04)|11M|2
< C(1—a) (94)

for some constant C' > 0 since A € [75,1], o € (0,1). Next we estimate the second term on the

right-hand side of (93). By Taylor’s Theorem there exists &1, &2,&3 € (o, 1) such that
1 1’ ‘(/\+1)0—Aa—1

A& A 11—«
_ [InAA(1T—a) A+1+In(A+ 1A+ 1D2(a—1) — (A +In(W)AS(a— 1)) — 1]
AX) 1—«
<C(1-a) (95)

for all \ € [%, 1], « € (0,1), where C' > 0 is a constant independent of o and A. By using

(91)—(95) we get the uniform convergence of 7, to 77 on the interval [1%7 1].
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Step 6: Converity inequality for he for a sufficiently close to 1. Recall from (88) that

1
o
min{pu({z}) : z € supp(p)} =m > <[i4nf1] ma> = Nq. (96)
19°
Note that the positivity of inf (4 1] Ma for « sufficiently close to 1 follows from the positivity of
19°

inf (1] my and the uniform convergence of m, to m;. By equation (89) we have

ha(Na,n) — hi(M1(55), 1) = ha(na,n) — k1(na,n) + b1 (e, n) — h (inf my,n).

1511
By the uniform convergence of h, to h; (Step 1 of the proof of Lemma 6.2), the uniform
convergence of T, to My (which implies that 7, converges to inf (A my), and the continuity
of hq, we find that v
lim he (N, n) = hi (M1 (55),n) > 0 (97)
a—1
for all n € {3,4,5} by Step 4. By (96), (97), Lemma 6.2, and Corollary 6.3 we conclude that
ha(p({z}),n) > 0 for all z € supp(p) and all integers n > 3, provided that « is sufficiently close
to 1.

Step 7: Conclusion. By using the convexity inequality hq(u({z}),n) > 0 from Step 6, we can
conclude the proof using the same argument that we used to prove Theorem 4.17. ([

7. PROOF OF THEOREM 1.4

The proof is similar in spirit to the analogous result for the case « = 0.5 from [18, Theorem 3],
although we have to do some extra work to take care of particles near the boundary. The main
ingredient is the following stability result due to G. Fejes T6th [36], which roughly states that

if u is a discrete measure on a convex n-gon (2, with n < 6, such that the rescaled quantization
error ‘%gwg(ﬂg, ) is close to the asymptotically optimal value of cg, then the support of p is

close to a triangular lattice.

Theorem 7.1 (Stability Theorem of G. Fejes Téth). Let Q C R? be a convex polygon with at
most siz sides. Let {z}Y, be a set of N distinct points in Q and let {V;}., be the Voronoi
tessellation of Q generated by {z}¥,, i.e.,

Vi={z€Q:|z—z|<|z—z|Vje{l,...,N}}
Define the defect of the configuration {2}, by

N X
E{z},) = P Z /V |z — 2|2 dz — c6.
i=17Vi

There exist g > 0 and ¢ > 0 such that the following hold. If ¢ € (0,e0) and {2}, satisfy

é({zl}z]\il) < £,
then, with the possible exception of at most Nce'/3 indices i € {1,..., N}, the following hold:

(i) Vi is a hexagon;

(ii) the distance between z; and each vertex of Vi is between (1 & &'/3)4/ %w / %;

(iil) the distance between z; and each edge of Vi is between (1 £ &'/3)y/ ‘ﬂle / %
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To appreciate the geometric significance of this result, note that for a reqular hexagon of area
|Q2|/N, the distance between the centre of the hexagon and each vertex is 4/ %\ / %, and the

distance between the centre of the hexagon and each edge is 4/ %, / 2—\1/5

Proof. This was proved in [36] in a much more general setting. A similar result was proved by
Gruber in [44]. We make some quick remarks about how the version stated here can be read
off from [36]. In the notation of [36, p. 123], we have f(t) = t* and

0 N) = (L ey, oY) =Rl ) =
R ) = (1= wR(Hy),  RGHy) =[G RGn). R =2
B N) = (NP = R NP = b b0 = (; T é/ﬂ) |

Since f is strictly increasing, or by a direct computation, it is easy to see that the condition
h(p, N) # 0 stated in [36, equation (3)] holds for all i € (0, (2—+/3)?). Fix any u € (0, (2—/3)?).
Then by [36, Theorem p. 213], there exist ¢ = ¢(u) > 0 and £(p) > 0 such that if 0 < & < e(p)

and
N 2 2
) o el
—ulPde— N (B o <ap
g/‘g afas- v () e <o’y

then statements (i)-(iii) of Theorem 7.1 hold. Defining ¢ = £b(u) and g = e(u)b(u) completes
the proof. O

The other key ingredient is an improved version of the convexity inequality (50) for sufficiently
large masses.

Lemma 7.2 (Improved convexity inequality). There exists a constant & > 0 such that
Co 2—«

11—«

ma+cnm2—06 —
1—-a

)m—/i(n—ﬁ) > &(m—1)2
for every integer n > 3 and every m > m, where m > 0 is given in Lemma 4.15.

Proof. The constant £ > 0 will be chosen as the minimum of several quantities that we are now

going to introduce. Recall that
C6 2—a

—

ma—|— cnm2 — Cg <

>m—m@—6)

Recall also that n — ¢, is decreasing with lim, ;o ¢, = ¢oo > 0 (see Lemma 2.5) and x < 0.
Therefore, for all n > 3,

ha ) - —
(m,n) = 5 1—a

€6
l1-a

c c 2—« c — c
:%O(m—l)Q—i— [;OmQ—l— (Coo_06<l_a>>m+ 1_66m0‘+3m—%°

ha(”% n) 2

— 2
ma—i—coomz—cﬁ(l_ >m+3/<c
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The expression in the square brackets is positive for m sufficiently large. Therefore there exists
a constant M > 0 (independent of n) such that

ha(m,n) > %O(m —1)? (98)

for all n > 3 and all m > M. Without loss of generality we can take M > 2.

Next we treat the case m € [m, M], n # 6. Recall from the proof of Lemma 4.11, Step 1, that
the map m — hg(m,n) has exactly two critical points. The smallest critical point is a local
maximum point and the largest critical point is a local minimum point, denoted by m(a,n).
Note that m(@,n) < 3/2 < M by Steps 3 and 4 of the proof of Lemma 4.11. Therefore the
global minimum of m — hg(m,n) in the interval [m, M] occurs at either m(a, n) or m. Define

b1 = 1;?2151 ha(ﬂ”L(O{, n)a n)v p2 = IT?ZHE; ha(m, n)
n#6 n#£6

Observe that p; > 0 by Steps 3 and 4 of the proof of Lemma 4.11, and po > 0 by Corollary
4.12 and the proof of Corollary 4.16. Putting everything together gives the following for all
m € [m, M], n >3, n #6:

M( — 1) (99)

ha(m,n) > min {PlaPQ} > (M _ 1)2

since m € [m, M] and (M —1)? > 1> (m —1)%
Next we treat the case n = 6, m € [m, M]. Since m +— hg(m,6) is of class C?, hg(1,6) =
Omhaz(1,6) = 0, and 92, ha(1,6) > 0, there exist r € (0,1/2) and [ > 0 such that
ha(m,6) > I(m — 1)? (100)

forallme [1 —r,1+r].
Finally, we treat the case n = 6, m € [m,1 —r]U[1l 4+ r, M]. The function m +— hg(m,6) has
no local minima in this interval (by Lemma 4.11, Step 1). Therefore

ha(m, 6) > min {ha(m, 6)7 ha(l - 6)7 ha(l +r, 6)7 ha(M7 6)} =:p> 0.
Hence, for all m € [m,1 —r]U [l + r, M],

p

ha(m,6) Z W

(m —1)% (101)

Define

. fcx min{p,pa} P
§.—m1n{ 5 (M—1)2 A (M—l)Q}'

From (98), (99), (100), (101) we conclude that
ha(m,n) > &£(m — 1)2
for all m > m and all n > 3, as desired. O

We are now in position to prove Theorem 1.4. The idea is essentially to bound the defect &
from Theorem 7.1 by the defect d from Theorem 1.4.
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Proof of Theorem 1.4. Step 1. In this step we rescale the energy. Let us = Ef\fl m;idz, € Pa(§2)
satisfy the hypotheses of Theorem 1.4. Define

Ns
~ 1/2~ 1/2
m; = Vsamg, Zi = V&é Zi, Qs = V&é Q, W= Zmifszi.
=1

In analogy with (46), define

Ns
Ce =
Foap) = 1l—-a Zm? + Wg(ﬂﬂé,avH)
=1

As in Remark 4.4, it is easy to check that the defect d(us) can be rewritten as

22—«

d(us) = Vs Foa(p) Co- (102)

Step 2. In this step we estimate the number of small particles: #{i € {1,..., N5} :m; <m}.
Despite the fact that Lemma 4.15 was proved for the case where €2 is a square, the same
argument can be applied to the case where (2 is any convex polygon with at most six sides
(actually, to any Lipschitz domain). The only changes will be to the constant Dy and to the
lower bound my, on the mass of particles close to the boundary (to be precise, for those particles
within distance 4 of the boundary of the rescaled domain). The lower bound 7 on the mass
of particles far from the boundary remains the same. This is the only constant whose specific
value matters for us. Therefore we will denote the other two constants byDy and my, also in
this case. Define

K:={ie{l,...,Ns}:m; <m}, Ke:={ie{l,...,Ns}:m; >m}.
By Lemma 4.15(i), K C J, where J was defined in equation (76). Define
U={z+y:2€00a y € Birpy,(x)} N Q5.
Similarly to the proof of (78),

T 1-a

U
#K <#J < 1ol
mp
Fix any n > 0. If § is sufficiently small, then

U] < Va2 (4 + Do)(H (99) + 1)

since ) is convex polygon and the Minkowski content of Q equals H!(99Q) [2, Theorem 2.106].
Therefore

#K <yl (4 + Do)(H'(09Q) +n)

s . 103
Vsa — 2 mp (103)
Step 3. Let £ > 0 be the constant given by Lemma 7.2. Define
~ 29 &
Po = P 6T — 3K+ € > 0.
1-«
In this step we prove the following lower bound on the defect:
Ns
~ #K
d(us) > —— = 1) = Ba . 104
(ms) > Vom > (mi—1) 52‘/575 (104)

i=1
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We estimate

S
a(p) > Zga(mz,nz) (Lemma 2.3)
> Z ga(mi,n;) (97 = 0)
1eKCe
2@ ,
> S = KU k(n; —6) +&(m; — 1) (Lemma 7.2)
ieke -
Ns Ns Ns

1€ el el
Ns
> c6Vsm+E&) (mi—1)
i=1
—2:?06 mi—K Yy (ni—6)—&» (m; —
l—a -« 4 “
1€ 1EL e

where in the last step we used the fact that x < 0 together with Lemma 2.6. Combining this
estimate and (102) gives

WQZ = 1) <d<u5>+V[2‘°‘c62mz+ﬂZ = 6) €D (m; ]

i=1 €L 1€ 1€
#K {2—&

<d

< d(ps) + Vim

where in the last step we used the fact that m; € (0,m] for each ¢ € K. This proves (104).
Step 4. In this step we prove Theorem 1.4(a). We have

Ns
V(Soz N V;?a Véa_N6 Vsa 1
2| = — 9| _= =1
Via ' N5< Vom ) N (Va,az(m )>

cgT — 3K + f]

2

=1
Ns
1 Y
m £ (ml 1)
< 2 (d(w) + 32?/&’2) ; (105)

where in the penultimate step we used Jensen’s inequality and in the last step we used (104).
Therefore lims_,o Vs 5/Ns = 1 by (103) and since lims_,o d(ps) = 0 by Theorem 1.1. This proves
Theorem 1.4(a). For the future, we record that if ¢ is sufficiently small, then we can read off
from (105) that

N,

<3, 106
Vom (106)
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Step 5. In this step we prove the technical estimate

Ns

S md > N(—a) +aVis - (1 —a)VZO‘d( 5= (1 —a)’ﬁ;i’c (107)
i=1
Define ¢(z) = x®, © > 0. Let ¢ be the unique quadratic polynomial such that ¢(0) = ¢(0),
q(1) = ¢(1), ¢'(1 ) = ¢'(1):

giz):=1+alx—1)+@—1)(z—1)>%

Let ¢ = ¢ — ¢. It is easy to check that ¢"'(z) > 0 for all z > 0 and hence ¢ is convex with
YP'(1) =0, 9"(1) = @® — 3a +2 > 0, lim,_0+ Y'(x) = 400, lim,_, 1 ¥'(x) = +00. Therefore
¢’ (x) = 0 for only two points x > 0, one of which is x = 1 and the other is 2* € (0, 1). Moreover,
P(0) = (1) =0, limg_yo0 () = 400, and ¥'(x) < 0 for z € (z*,1). Therefore ¢)(x) > 0 for all
x > 0. Consequently

N Ns Ns
> omF = q(mi) = Ns+a(Vsz — No) — (L—a) Y _(m; —1)%.
i=1 =1 =1

The desired inequality (107) follows by (104).

Step 6. Finally, we bound the defect é({zi}f\g) from Theorem 7.1. Let 7" be the optimal
transport map defining Wa (1o, p). For § > 0 sufficiently small we have

é({zi}i\fl) = / |z — zi|*dz — ¢ = v / mln |z — 2zi|* dz — cg
(5o¢ i=1 é,o
N,
2 0
< QZ/ o |z — i dZ—06:@WQ(HQ§’H,M)—CG
=1 1 Y&
Ns
N Ns cg Ny 2 —@
= d(ps e C6 — Co
5 (M) ‘/252717 Zz; V(Salf

N52+N5 a _N52—a+1
|VE T Viel-a Vial-a

2
_(Vsa—Ns
Vs,a

g

(107) N ( 06> Ns 62

< 20 (1 ) auy) + S 2 -
Vom ¢ (116) V2 ¢ #

s <1 4 26) d(us) +366—62#—K

§ Visa
(1%3) 3 (1 + 06> d(pus) + 306—’82‘%_1/2 U Do (00 + 77) (108)
¢ & e

Let g > 0 be the constant given by Theorem 7.1. Define

-3(1+2). - J¢o2 (4+ Do) (H'(99) + 1)
5 5 mp
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By (108), if 6 > 0 is sufficiently small, and if ¢ € (0,e¢) and ps satisfy

Brd(ps) + B2Vs " <,
then
({mhi) <e
Applying Theorem 7.1 completes the proof. O
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